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Chern-Simons gauge field theory has provided a natural framework to gain deep insight about
many novel phenomena in two-dimensional condensed matter, and most recently, it was shown
to render a substantially richer description for quantum dissipative dynamics than the traditional
microscopic treatments based on the conventional Brownian motion. In this paper we further inves-
tigate the role played by the Abelian topological gauge action in the nonequilibrium thermodynamics
and the pseudomagnetic properties of a single (two-dimensional) harmonic oscillator. We find out
that the dissipative particle exhibits remarkable magneticlike features in the quantum domain that
are beyond the celebrated Landau diamagnetism under dissipation, such that it could be viewed
as the non-relativistic Brownian counterpart of a composite excitation of a dissipative particle and
magneticlike flux. Interestingly, it is shown that the properties of this flux-carrying Brownian par-
ticle are in good agreement with the classical statistical mechanics at sufficient high temperatures,
as well as are widely consistent with the Third Law of thermodynamics in the studied dissipative
scenarios. Our findings also suggest that its ground state may be far from trivial, i.e. it fakes a
seemingly degenerate state.
PACS numbers: 03.65.Yz, 11.10.Kk
I. INTRODUCTION
During the last decades there has been a renowned
interest in two dimensional systems which may exhibit
emergent striking phenomena, such as topological order
[1], ranging from condensed matter [2] to cold atoms [3]
and quantum information theory [4]. A prime example
of this is the fractional quantum Hall effect [5], which is
one of the most studied phenomena in condensed matter
and whose understanding has promoted the development
of many ground-breaking concepts and field theoretical
approaches [6], among which we highlight the micro-
scopic descriptions built upon the topological quantum
field theory, or more specifically, based on the Chern-
Simons gauge field theory (e.g. see [7]). Besides the
quantum Hall effect [8], this theory has proved useful
in the understanding of other phenomena connected to
condensed matter systems, for instance, the origin of the
anyonic statistics [9] or high-temperature superconduc-
tivity [10], as well as some purely theoretical applications
[11]. Simultaneously, these works further motivated the
study of introducing the Abelian Chern-Simons action in
the traditional Maxwell’s equations, leading to an uncon-
ventional (two-dimensional) electrodynamics [12], known
as topologically massive gauge field or Maxwell-Chern-
Simons theory (CS-QED2+1) [13], that has been success-
fully applied to study new forms of gauge field mass gen-
eration [9], the dynamical Lorentz symmetry breaking
[14–16], or the statistics transmutation [17] which have
recently shown appealing applications in quantum com-
putation theory [18].
Within the framework of the non-relativistic
CS-QED2+1 theory, it has been recently illustrated
∗ a.valido@iff.csic.es
in Ref.[19] that the Chern-Simons action gives rise to
new interesting phenomena in dissipative harmonic sys-
tems as well. In this novel microscopic description, which
is complementary to others recent extended-environment
treatments [20] (i.e. magnetic heat baths) that exploit
the geometric magnetism [21], the system particles
are subject to an environmental (two-dimensional)
fluctuating force, say, ξˆMCS , that follows an equal-time
noncommutative relation[
ξˆαMCS , ξˆ
β
MCS
]
∝ −iκαβ , (1)
where κ ∈ R is the so-called Chern-Simons constant and
αβ stands for the two-dimensional Levi-Civita symbol.
This property is characteristic of the electric fields of the
CS-QED2+1 [9], and to the best of our knowledge, it has
no precedent in the ordinary harmonic oscillator mod-
els for the heat bath (e.g. Caldeira-Legget model) [22–
30]. Remarkably, according to the linear response theory
[2, 31] this feature has an immediate consequence in the
quantum open-system dynamics: the dissipative paticles
exhibit a transverse reaction to the environmental forces
likewise an ordinary Hall response [32, 33]. Indeed, it
was shown in Ref.[19] that such environmental response
produces certain torque applied upon the system parti-
cles which makes them undergo a vortexlike Brownian
dynamics in the Markovian regime. In this sense, the
average motion of our dissipative system closely resem-
blances an array of interacting vortex-quasiparticles [34],
quantum rings subject to a static magnetitc field [35], or
plane rotors in presence of an external time-dependent
magnetic flux [36–39].
Based on this dissipative microscopic description, in
the present paper we extensively examine both the
nonequilibrium thermodynamics as well as the aver-
age magneticlike properties of the dissipative (two-
dimensional) harmonic particle that emerge when the
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2Abelian topological gauge action and the conventional
(linear) Brownian motion dynamics are treated on an
equal footing [19]. Interestingly, we find out that the
dissipative system is endowed with notable pseudomag-
netic properties by virtue of the aforementioned envi-
ronmental Hall response. Unlike the classical Landau
diamagnetism [40] under dissipation [41–49], the dissi-
pative harmonic oscillator is shown to develop a non-
vanishing orbital magneticlike moment without the need
of an external magnetic field or independent torque [50],
instead this (non-spontaneous) magnetization occurs as
a consequence of certain work delivered by the Maxwell-
Chern-Simons environment. Conversely, the new dissi-
pative microscopic description also predicts a vanishing
average magneticlike moment in the high temperature
domain, which is in accordance with the classical statis-
tical mechanics, or more specifically, with the well-known
Bohr-van Leeuwen (BvL) theorem [51–53]. This is com-
mon to the conventional Brownian charge particle mov-
ing in constrained spaces [52, 53] or the damped two-
dimensional harmonic oscillator in presence of an exter-
nal time-independent magnetic field [41, 42]. However,
we shall show that the nonequilibrium thermodynamics
properties of our dissipative particle substantially differ
from those of a charged magneto-oscillator following the
conventional Brownian motion [43–49]. In essence, our
results stress out that in the quantum domain the envi-
ronmental Chern-Simons action ”furnishes” the dissipa-
tive particle with an intrinsic magneticlike flux, so it is
effectively promoted from the ordinary damped harmonic
oscillator to a flux-carrying Brownian particle.
The present paper is organized as follows. In Sec.II the
dissipative microscopic description governing the open-
system dynamics of the harmonic oscillator is presented.
From this, in Sec.III we compute a general closed-form
expression for the harmonic oscillator partition function
following the imaginary-time path integral approach, and
widely discussed its properties. Then, the nonequilib-
rium thermodynamics quantities are studied analytically
and numerically for two different dissipative scenarios:
the strict Markovian dynamics in Sec.III A, as well as an
instance of non-Markovian dynamics in III B, whilst the
Sec.IV addresses the average magneticlike properties of
the dissipative harmonic oscillator. Finally, we summa-
rize and draw the main conclusions in Sec.V.
II. DISSIPATIVE MAXWELL-CHERN-SIMONS
MODEL
Let us consider the dissipative dynamics of a non-
relativistic system composed of N harmonic oscillators
constrained to move in the x − y plane as well as with
identical mass m for seek of simplicity. Their position
and momentum operators shall be denoted by (qˆi, pˆi)
where i ∈ {1, N}. Let us use the Greek letters and Ein-
stein notation for the two spatial dimensions, and aˆ†k (aˆk)
denotes the creation (annihilation) operator of the envi-
ronmental k-mode with excitation frequency
ω2k = |k|2 + κ2, (2)
and k ∈ 2pi/L Z2 (L is a characteristic length of the
environment). In its simplest version, it was shown in
the Ref.[19] that the dissipative dynamics arising from
the interaction with the non-relativistic Maxwell-Chern-
Simons electromagnetic field may be captured in the
long-wavelength and low-energy regime (i.e. small dis-
placement approximation) by the following low-lying mi-
croscopic Hamiltonian,
Hˆ =
N∑
i=1
1
2m
(
pˆi − eAˆMCS(q¯i)
)2
+ VˆR(qˆ1, · · · , qˆN )
+
∑
k
~ωkaˆ†kaˆk, (3)
where 0 < e mainly determines the coupling strength to
the thermal field environment (e.g. the elemental electric
charge for electrons), and VˆR is an effective renormalized
potential, i.e.,
VˆR(qˆ1, · · · , qˆN ) = Vˆ (qˆ1, · · · , qˆN )
− m
2
N∑
i,j=1
φαβ(∆q¯ij)qˆ
α
i qˆ
β
j , (4)
with Vˆ (qˆ1, · · · , qˆN ) denoting the bare parabolic poten-
tial describing the confining and coupling interaction be-
tween system particles, and q¯i denoting the central posi-
tion of the ith harmonic oscillator. Here φαβ stands for
an environment-induced renormalization term
φαβ(∆q¯ij) =
κ2
m
∑
k
αλβλ′
mk
lλ(k)lλ′(k) cos(k ·∆q¯ij),
where ∆q¯ij = q¯i − q¯j is the average length between sys-
tem oscillators, which determines a characteristic length
for the interaction between the system particles medi-
ated by the Maxwell-Chern-Simons environment [30],
and lα(k) denotes the system-environment coupling co-
efficient given by
lα(k) = −e
√
mk~ αβkβ
2piL|k|ωk f(k), (5)
with f(k) being the system particle form factor (that
is, the spatial Fourier transform of the particle charge
distribution). Since the particle charge distribution is
spatially symmetric in most interesting cases [24, 25], in
the following we shall assume an isotropic form factor
f(k) = f(|k|) in the Eqs. (4) and (5). Furthermore,
as similarly occurs in the conventional Brownian motion
[24], f(|k|) must be an (exponential or algebraic) decay-
ing function in order to avoid divergences which may lead
to the ultraviolet catastrophe [31].
3Interestingly, AˆMCS(q¯i) (for i ∈ [1, N ]) is the vector
potential or dynamical gauge field given by [19]
AˆMCS(q¯i) = −
∑
k
f(k)eik·q¯iAˇfree(k) (6)
+
κ
2pi
∑
k
f(k)eik·q¯i
ωk
(
ik × Aˇfree(k)
)
Gˇc(k) k,
where Gˇc(k) and Aˇfree(k) stand, respectively, for
the spatial Fourier transform of the two-dimensional
Coulomb Green’s function and the amplitude of the po-
larized plane wave of the free Maxwell-Chern-Simons
gauge field in the propagation direction k, i.e.
Aˇfree(k) =
1
2piL
√
2ωk
(
εkaˆk + ε
†
−kaˆ
†
−k
)
,
whilst εk is equivalent to the spatial Fourier coefficient
of the usual polarization vector [19]. While the first term
in the right-hand side of (6) identically coincides with
the vector potential obtained from the ordinary dipole
approximation (i.e. eik·qˆi ≈ 1 for i ∈ {1, N}), the sec-
ond term has no counterpart in previous dissipative mi-
croscopic descriptions [20, 54] (e.g. in the independent-
oscillator model [23–29]), and completely stems from the
Chern-Simons action [19]. Importantly, the Hamiltonian
model (3) is obtained after neglecting a back reaction
upon the environment [19], whose effects on the open-
system dynamics eventually vanish in the asymptotic
time limit by demanding sensible properties to the envi-
ronment, i.e. a substantially broad spectrum and a con-
tinuous and finite system environment coupling strength
[19].
Besides the vector potential in dipole approximation, it
is important to realize from the Eq.(6) that the additional
contribution in AˆMCS due to the Chern-Simon action ex-
plicitly contains the divergenless component of the free
Maxwell-Chern-Simons gauge field which encapsulates a
pseudomagnetic field [9, 16] (i.e. Bˇ(k) = ik× Aˇfree(k)).
The latter is rooted in a non-vanishing magneticlike
flux that it is effectively attached to the system parti-
cles by the Chern-Simons action [19] (for instance, in
CS-QED2+1 static charges are able to produce simul-
taneously electric and magneticlike fields [12]). In this
way, one may expect that the electric field EˆMCS re-
trieved by the vector potential (6) (i.e. EˆMCS(q¯i, t) =
−∂tAˆMCS(q¯i, t) after replacing aˆk → aˆke−iωk(t−t0) in (6)
[19]) can split into a Maxwell and Chern-Simons part, i.e.
EˆMCS(q¯i, t) = Eˆdip(q¯i, t) + EˆCS(q¯i, t), (7)
for i ∈ [1, N ], where Eˆdip represents the customary dipo-
lar electric field of the system particles, whilst EˆCS can
be though of as the non-conservative electric field which is
self-consistently induced by a changing magneticlike flux
according to the induction Faradays law [19]. The latter
is the so-called Chern-Simons electric field, which is axi-
ally symmetric along the z-direction and yields the non-
commutative property (1) (we note that EˆMCS will play
the role of the environmental fluctuating force in general
dissipative scenarios, i.e. ξˆ(t) = eEˆMCS(t)) as well as
the ordinary Hall response mentioned in the introduc-
tion. Intuitively, the novel crucial effect of the dissipa-
tive Maxwell-Chern-Simons approach (3) could be sum-
marized as follows: the environment endows each system
particle with a magneticlike flux along the z-axis that in
turn gives rise to a non-trivial current of flux tubes across
a given closed surface [8], and which ultimately pro-
duces an intricate electromotive force (emf) responsible
for EˆCS [55]. Compared to the ordinary Maxwell electro-
dynamics, the Chern-Simons action introduces a parity
and time-reversal asymmetry in the Maxwell’s equations
(in fact, the Chern-Simons action breaks those symme-
tries in the Lagrangian description) that translates into
explicitly breaking the rotational symmetry of the corre-
sponding electric field lines within a localized region of
space and time in much the same fashion as a changing
external magnetic field does [50].
For our present purpose, it is convenient to carry out
a gauge (Go¨ppert-Mayer) transformation [24, 54]
UˆGM = exp
(
− i e
~
N∑
i=1
qˆi · AˆMCS(q¯i)
)
,
and rewrite the above microscopic description (3) in
terms of the environment harmonic k-oscillator, de-
scribed by the operators (xˆk, pˆk) and endowed with mass
mk, so that we arrive to an equivalent microscopic Hamil-
tonian which is the basis of the subsequent analysis [19]
Hˆ =
N∑
i=1
pˆ2i
2m
+ VˆR(qˆ1, · · · , qˆN ) +
∑
k
1
2mk
((
pˆk +
N∑
i=1
(
ωklα(k) sin(k · q¯i)− καβlβ(k) cos(k · q¯i)
)
qˆαi
)2
(8)
+
(
mkωkxˆk −
N∑
i=1
(
ωklα(k) cos(k · q¯i) + καβlβ(k) sin(k · q¯i)
)
qˆαi
)2)
.
This Hamiltonian is manifestly positive-definite as long as the renomalized potential is prevented from being in-
4verted, i.e.
0 ≤ VˆR(qˆ1, · · · , qˆN ). (9)
The above inequality constitutes a necessary condition
for the open-system dynamics modeled by (8) may re-
produce the relaxation process towards a thermal equi-
librium state regardless of the reduced system initial con-
ditions [19, 22, 30, 31]. From this point onward we work
within the parameter domain where expression (9) holds.
Before proceeding with our analysis of the nonequilib-
rium thermodynamics properties, let us draw some atten-
tion to the main features of the Hamiltonian model (8).
By construction, the proposed microscopic description
(3) takes the form of a minimal-coupling Hamiltonian of
the desired system with a dynamical Abelian gauge field
AˆMCS acting as a thermal environment. This feature
is common to the standard independent-oscillator model
(e.g. Caldeira-Legget model) [22–29], and indeed, the
latter is fully contained in our description as a particular
instance [54]. We shall see that we recover the well-known
results of the nonequilibrium thermodynamics character-
istics of the conventional (linear) Brownian motion when
the Chern-Simons action is turned off (κ→ 0). Although
the Chern-Simons constant can take either positive or
negative continuous values in principle [9], we shall also
show that the statistical physics properties remains in-
variant to this choice.
According to standard electrodynamics, one could ex-
pect that the aforementioned emf exerts certain torque
upon each system particle [36, 50, 56], which in turn en-
forces them to change their kinetic angular momentum
resulting in a fluctuating vortexlike dynamics: that is,
the dissipative particles would undergo an intricate or-
bital Brownian path, as mentioned in the introduction.
As a matter of fact, in Ref.[19] it was shown for a sin-
gle harmonic oscillator (i.e. N = 1) that the Langevin
Markovian equation governing the quantum open-system
dynamics resemblances a Brownian motion with an ad-
ditional rotational force
FˆCS = −mΩ2CS qˆ × ez, (10)
with ez being the unit vector in the z-direction and
ΩCS determining the coarse-grained flux strength, and
where the fluctuating force ξˆ(t) satisfies an extended
fluctuation-dissipation relation, e.g. in the high-
temperature limit it expresses as follows
1
2
〈{
ξˆαMCS(t), ξˆ
β
MCS(t
′)
}〉
= mβ−1
(
δαβ2Γ0δ(t− t′)
+ αβΩ
2
CSsgn(t− t′)
)
, (11)
where Γ0 denotes the usual dissipative coefficient and
sgn(x) stands for the sign of the argument x. The ro-
tational force (10) and the second term in the right-hand
side of the Eq.(11) are direct consequences of the envi-
ronmental Hall response manifested by (1).
Importantly, the fluctuation-dissipation relation (11)
reflects one of the major differences between the present
microscopic description (8) and the conventional Brow-
nian motion. Specifically, by disregarding the Chern-
Simons effects (e.g. ΩCS → 0), the two-point cor-
relations of the fluctuating force gets diagonal as well
as the rotational force cancels, and thus, the Brownian
motion along different directions decouple. According
to the above discussion, this tell us that the Marko-
vian dynamics of a two-dimensional harmonic oscillator
described by the standard independent-oscillator model
[23–29] is formally equivalent to a system composed of
two independent damped one-dimensional harmonic os-
cillators [22, 57], which shall hereinafter be referred to
as the damped two-dimensional harmonic oscillator. In
other words, the conventional Brownian descriptions [23–
29] completely discard genuine phenomena intrinsic to
the dimensionality of the interesting system, and in this
sense, the Hamiltonian model (8) (or equivalently (3))
renders a more ”fundamental” and richer microscopic de-
scription for two-dimensional quantum dissipation, which
just relies on the physical grounds of local U(1) gauge
and Lorentz invariance [19, 54] (recall that the underly-
ing theory exhibits time-reversal asymmetry and parity
violation).
Additionally, the electric field EˆCS produced by the en-
vironmental emf can do certain mechanical work on the
system particles that somehow could make the Maxwell-
Chern-Simons heat bath act moderately as a work source
as well. One could expect that such work would manifest
in the nonequilibrium Helmholtz free energy of the flux-
carrying particle in agreement with the standard thermo-
dynamics [58, 59]. We shall show in the strict Markovian
dynamics case that the free energy exhibits a positive
linear dependence in temperature at low energies that is
intimately related to the rotational force (10). This re-
sult will be further discussed in Sec.III A (see Eq.(37) and
subsequent discussion). In addition, the aforementioned
torque will be presumably responsible for an orbital mag-
neticlike moment of the system particles [36, 50]. As
mentioned in the introduction, we find in the Markovian
dynamics regime that a single harmonic oscillator (i.e.
N = 1) develops a non-trivial orbital magneticlike mo-
ment (see Eq.(69) in Sec.IV) which is mainly determined
by the strength of the rotational force (10). We shall look
into this feature more carefully in Sec.IV.
III. NONEQUILIBRIUM THERMODYNAMICS
Now we turn the attention to the nonequilibrium prop-
erties of the flux-carrying particle. For a better expo-
sition, we shall concentrate the attention on the single
harmonic oscillator case (i.e. N = 1) with frequency ω0
and placed at the origin of the coordinate system (q¯αi = 0
with α = 1, 2). The potential renormalization appearing
in the Eq.(4) then takes a diagonal form, i.e. φαβ = φδαβ
with α, β = 1, 2.
5As it is commonly considered in the study of the open-
system statistical physics or nonequilibrium thermody-
namics properties of the conventional Brownian motion
[31, 60], we assume that the global system, composed
of the interesting system and the Maxwell-Chern-Simons
environment, is in the usual canonical ensemble of equi-
librium statistical mechanics at a temperature character-
ized by β = 1/kBT (i.e. ρˆβ ∝ e−βHˆ). In this context,
the nonequilibrium thermodynamics quantities (e.g. free
energy, internal energy or entropy) related to the dissi-
pative harmonic oscillator, namely flux-carrying particle,
are determined from the partition function defined as fol-
lows [31, 49, 60–62],
Zflux(β) =
Z(β)
ZMCS(β)
, (12)
where Z(β) and ZMCS(β) represent, respectively, the
partition functions of the global system and the envi-
ronment in a canonical thermal equilibrium state at in-
verse temperature β. Starting from the independent-
oscillator or anomalous dissipative model, the approach
based on the Eq.(12) has been extensively used to an-
alyze the nonequilibrium thermodynamic properties of
a broad class of dissipative systems: the damped free
particle [60–63], the damped harmonic oscillator [64, 65]
or charged-oscillator particle in presence of an exter-
nal uniform magnetic field [44, 49, 65–67], as well as
the deviation from the standard thermodynamics in the
strong coupling regime within the framework known as
the Hamiltonian of mean force [68]. Following the stan-
dard approach of statistical mechanics, Zflux(β) may be
computed by means of the imaginary-time path integral
formalism [31, 43, 44, 49, 69, 70]: this is obtained by inte-
grating out the environmental degrees of freedom in the
Euclidean action associated to the microscopic Hamilto-
nian (8). Specifically, the global partition function for
the single-oscillator case reads [31]
Z(β) =
∮
Dq(·)
∮
Dx(·) exp
{
−S(E)[q(·),x(·)]/~
}
,
(13)
with x(τ) denoting
∏
k xk(τ) and S(E) being the Eu-
clidean action of the whole system
S(E) = S(E)S + S(E)MCS,I =
∫ ~β
0
dτ L(E), (14)
where S(E)S is the usual Euclidean action of a two-
dimensional harmonic oscillator with bare frequency ω0
[31], and we have introduced the Euclidean Lagrangian
of the single particle case retrieved by the microscopic
model (8), i.e.,
L(E) = L(E)S + L(E)MCS,I , (15)
with
L(E)S =
1
2
m ˙ˆq2 +
1
2
mω20 qˆ
2,
L(E)MCS,I =
∑
k
mk
2
((
˙ˆx2k + iκαβ
lβ(k)
mk
qˆα
)2
+ ω2k
(
xˆk − lα(k)
mk
qˆα
)2)
,
where the overdot denotes differentiation with respect
to the imaginary time τ [70]. Notice that the renomal-
ization term in (4) has been absorbed by the Euclidean
Lagrangian L(E)MCS,I in order to compose the square of
the first binomial in the right-hand side.
Thanks to the proposed dissipative microscopic model
(8) is quadratic in the canonical variables of both the
interested system and environment, the whole path inte-
gral (13) is Gaussian, and thus, the partition function of
the flux-carrying particle at a finite temperature can be
readily worked out by using well-known identities from
the Gaussian (imaginary-time) path integrals [31, 70].
We write down directly the result and refer the inter-
ested reader to the appendix A for further details. Con-
cretely, we find that the reduced partition function, from
which all nonequilibrium thermodynamics quantities will
be computed, can be expressed in terms of the bosonic
Matsubara frequencies νn = 2pin/~β (with n ∈ N+) as
follows
Zflux(β) = Z
2
0 (β)
(
1 +
Λ˜‖(0)
ω20
)−1
(16)
×
∞∏
n=1
[
(ν2n + ω
2
0 + ∆˜(νn))
2
(ν2n + ω
2
0 + ∆˜(νn) + Λ˜||(νn))2 − |Λ˜⊥(νn)|2
]
,
where Z0(β) is identical to the partition function of the
conventional damped one-dimensional harmonic oscilla-
tor with frequency ω0 [31], i.e.,
Z0(β) =
1
~βω0
∞∏
n=1
[
ν2n
ν2n + ω
2
0 + ∆˜(νn)
]
, (17)
and ∆˜(νn) completely identifies with the Laplace trans-
form of the environment dynamical susceptibility owning
to the conventional Brownian motion, which can be given
in terms of the Laplace transform of the usual friction
kernel γ˜(s) [27, 28, 31], i.e.
∆˜(νn) = |νn|γ˜(|νn|) (18)
=
2
mpi
∫ ∞
0
dω
J(ω)
ω
ν2n
ν2n + ω
2
,
whereas the kernels Λ˜||(νn) and Λ˜⊥(νn) represents re-
spectively the longitudinal and transverse dynamical
susceptibilities arising from the environmental Chern-
Simons action, which in the single-oscillator case take
6the form
Λ˜||(νn) = κ2
∆˜(νn)
|νn|2 , (19)
Λ˜⊥(νn) = κ
∆˜(νn)
2νn
, (20)
and J(ω) stands for the standard definition of the spec-
tral density,
J(ω) =
e2~
16piL2
∑
k
ωkf
2(|k|)δ(ω − ωk), (21)
where ωk is given by the dispersion relation (2). Hence,
all the effects due to the environmental emf discussed
in Sec.II must be fully characterized by (19) and (20).
Concretely, the Chern-Simons dynamical susceptibility
Λ˜⊥(νn) quantifies the transverse response to the fluctu-
ating force, so it completely encodes the environmental
Hall response discussed in Secs. I and II.
Interestingly, the real-time Fourier transforms of the
expressions (19) and (20) (obtained via analytic contin-
uation s → −iω + 0+) reveal that the power spectral
density of the Chern-Simons dynamical susceptibilities is
1/f -type (i.e. ∆ˇ‖(ω) ∝ 1/ω2 and ∆ˇ⊥(ω) ∝ 1/ω), which
is common to many sources of noise in condensed mat-
ter physics and quantum information [71], for instance
magnetic flux noise in SQUIDs. We shall see that this
feature has profound consequences in the nonequilibrium
thermodynamics properties: it implies that the influence
of the environmental Chern-Simons action in the statis-
tical mechanics may be substantially diminished in the
high-temperature regime (recall νn ∝ β−1) as compared
to the conventional dissipative mechanism described by
∆˜(νn). In other words, the Chern-Simons effects may
have no significant influence on the nonequilibrium ther-
modynamics of the dissipative harmonic oscillator in the
classical limit. This will be shown to occur in the two
dissipative scenarios studied in Secs. III A and III B.
In addition, the 1/f -type feature gives rise to a time-
local contribution in the effective Euclidean action (see
the Eq.(A11) in appendix A) that can make the longitu-
dinal Chern-Simons dynamical susceptibility manifest in
the first term of the right-hand side of the Eq.(16). In-
deed, the infrared contribution of the longitudinal Chern-
Simons dynamical susceptibility is intimately related to
the aforementioned potential renomalization, that is,
φ = lim
s→0
Λ˜||(s) =
2κ2
mpi
∫ ∞
0
J(ω)
ω3
dω. (22)
Note that this renormalization term will represent a mi-
nor correction to the nonequilibrium thermodynamics
quantities since φ < ω0 in order to the subsidiary condi-
tion (9) be hold. Although this could be explicitly ab-
sorbed in the definition of the partition function Zflux(β),
we will keep the exact dependence thorough the following
discussion to emphasize its role in the statistical physics.
Furthermore, it is worthwhile to notice that φ seems to
blows up at the origin ω = 0. However, there is no such
infrared divergence in an appropriate description since
the environmental spectrum is gaped by κ as is illustrated
by (2), and thus, the spectral density formally vanishes
for 0 ≤ ω < κ.
From the Eqs. (16), (18), (19), and (20) directly fol-
low that the nonequilibrium thermodynamics properties
of the reduced system, and the dissipative dynamics as
well, are ultimately determined by the choice of the spec-
tral density (21), as similarly occurs in the conventional
Brownian motion. Since we are interested in a dissipative
scenario where the reduced density matrix of the flux-
carrying particle may be well characterized by a thermal
equilibrium state, we must require further constraints
to the spectral density to prevent spurious situations
(e.g. a non-positive density of states for the flux-carrying
particle [60]). For instance, in the Langevin-equation
approach we must demand that the real-time Fourier
transform of the retarded Green’s function, denoted by
GˇR(ω), dictating the quantum open-system dynamics
has no isolated pole lying outside of the environmental
dense spectrum in order to guarantee the contour-ordered
Green’s function of the interested system satisfies the
Kubo-Martin-Schwinger boundary condition [19]. In the
present framework, we likewise demand the covariance
matrix of the Gaussian path integral, which retrieves the
reduced partition function Zflux(β), is positive-definite,
or equivalently,
|Λ˜⊥(s)| < s2 + ω20 + ∆˜(s) + Λ˜||(s) with s ∈ R+, (23)
which ensures, together with the condition (9), that the
expression (16) will be a well-defined partition function
[72] (see the Eqs. (A12) and (A13) in the appendixA).
Intuitively, the subsidiary condition (23) basically man-
ifests that, in order to the flux-carrying particle be in a
thermal equilibrium state from standard thermodynam-
ics [59], the dissipation mechanism must dominate the
quantum open-system dynamics against the enviromen-
tal Hall response. This will be more clear in the future
discussions. Finally, we could also require that the mem-
ory kernels decay in the ultraviolet limit [31, 49], e.g.
∆˜(s), Λ˜||(s), Λ˜⊥(s) ∼ s−l for s → ∞ with 2 < l, to cer-
tify the infinite product in (16) will converge.
At first sight, the Eq.(16) (together with (19) and (20))
reveals that the Chern-Simons effects in the nonequilib-
rium thermodynamics properties will apparently man-
ifest at second-order in the Chern-Simons coupling
strength compared with the harmonic oscillator bare fre-
quency, so that the environmental Hall response may sub-
stantially influence the open-system statistical physics of
the dissipative particle, at least in the low-temperature
regime. In the following sections we address the analysis
of the deviation of the nonequilibrium thermodynamics
from the damped two-dimensional harmonic oscillator for
two distinct dissipative scenarios. More concretely, we
extensively study both the Markovian dissipative evolu-
tion characterized by the strict Ohmic spectral density,
and the non-Markovian dynamics characteristic of the
7thermal harmonic noise, that is the Lorentzian environ-
mental power spectrum.
A. Strict Ohmic spectral density
Let us begin our analysis with the extensively stud-
ied strict Ohmic dissipative scenario. Thus, the spectral
density takes the well-known form Johm(ω) = 2mγ0ω
where γ0 denotes the classical friction coefficient which
essentially quantifies the system-environment coupling
strength [72]. Substituting this in the Eqs. (18), (19)
and (20); we directly arrive at
∆˜(s) = 2γ0s, (24)
Λ˜||(s) =
2γ0κ
2
s
, (25)
Λ˜⊥(s) = κγ0. (26)
At this stage, we must stress out that to be our treat-
ment physically consistent with a dissipative Markovian
picture, it must be satisfied the following conditions
κ
ω0
,
γ0
ω0
 1, (27)
which reflects nothing but the system-environment in-
teraction and environment spectrum gap must be suf-
ficiently small compared to the the bare frequency of
the interesting oscillator. As a counterpart, from the
Eq.(25) follows that the longitudinal Chern-Simons dy-
namical susceptibility diverges in the infrared limit (i.e.
β → ∞), and byproduct, the nonequilibrium thermody-
namics quantities will diverge as well. Although the lat-
ter manifests that the strict Ohmic spectral choice may
fail to describe the properties of the flux-carrying parti-
cle at absolute zero temperature [25], it permits to derive
closed-form expressions for the nonequilibrium thermo-
dynamics quantities that provide useful intuition for a
broad set of values of the problem parameters. For in-
stance, the strict Ohmic spectral choice has been exten-
sively used to study the conventional Brownian motion in
both absence and presence of an external uniform mag-
netic field [42, 44, 45, 48], despite the free and internal
energies are logaritmic divergent [48] or the heat capacity
may take on negative values[62].
Owing to the dissipative kernels (24), (25) and (26)
have an algebraic form, one may readily see that the
reduced partition function (16) turns into an infinitive
product of rational expressions. This infinite product
may be conveniently manipulated to be expressed in
terms of the Euler representation of the Gamma function
[31, 49], denoted by Γ (x), via making use of its algebraic
properties [73]. Concretely, the reduced partition func-
tion can be cast in the following form (see appendix B
for further details)
Zflux(β)
Z20 (β)
=
(
1 +
φ
ω20
)−1
(28)
×
∏3
i=1 Γ
(
1 + Ri~β2pi
)
Γ
(
1 +
R′i~β
2pi
)
[
Γ
(
1 + r1~β2pi
)
Γ
(
1 + r2~β2pi
) ]2 ,
with ri given by,
r1,2 = −γ0 ±
√
γ20 − ω20 ,
and Ri and R
′
i (for i ∈ {1, 2, 3}) being the roots of the
polynomial
Q(R) = R2
(
R2 +ω20 +2γ0R+
2γ0κ
2
R
)2
−κ2γ20R2. (29)
It can be seen from (29) that both R1,2 and R
′
1,2 boil
down into r1,2 in the limit of vanishing Chern-Simons ac-
tion (i.e. κ→ 0) whereas R3 = R′3 = 0, so that Zflux(β)
converges to the partition function Z20 (β) of the damped
two-dimensional harmonic oscillator (deduced from the
standard independent-oscillator model in the Markovian
regime [43]) when the Chern-Simons effects are disre-
garded.
To get a better understanding about the influence of
the environmental Chern-Simons action, it is convenient
to carry out a perturbative analysis in the small param-
eter κ/ω0  1, which is in full agreement with a Marko-
vian treatment (recall that the latter holds when the
subsidiary condition (27) is satisfied). Concretely, it is
important to realize that (29) is proportional to the de-
terminant of the Laplace transform of the inverse of the
retarded Green’s function (see the Eq.(A13) in appendix
A), i.e.
Q(s) = s2 det
(
G˜−1R (s)
)
. (30)
Since we are interested in the strict Makovian dynamics
regime, we may require G˜R(s) to take a Breit-Wigner
resonance shape around certain renormalized frequency
Ω0 without loss of generality [19, 74, 75]. The latter can
be accomplished by doing a first-order Taylor expansion
of the longitudinal part of the dynamical susceptibility
appearing in (29), i.e.,
2γ0s+
2γ0κ
2
s
≈ 2γ0κ
2
Ω0
+ 2γ0Ω0 + 2Γ0(s−Ω0),
where
Γ0 = γ0 − γ0κ
2
Ω20
, (31)
and the renormalized frequency is the real root of the
following algebraic equation
Ω30 − ω20Ω0 − 4γ0κ2 = 0. (32)
8We note that the rotational force (10) is exclusively con-
sequence of the second term in the right-hand side of
(29), so we may rephrase the effect of the environmental
Hall response in terms of the rotational force strength,
ΩCS = ±√γ0κ. (33)
Following this approach, the roots of the polynomial (29)
finally read
R1/2 ' −Γ0 ±
√
Γ 20 −Ω2CS −Ω20 , (34)
R′1/2 ' −Γ0 ±
√
Γ 20 +Ω
2
CS −Ω20 ,
R3 = R
′
3 = 0.
Taking κ identically to zero, it is clear from (31), (32),
and (33) that we obtain Ω0 = ω0, Γ0 = γ0, and ΩCS = 0,
as expected. In this way, all the influence of the longitudi-
nal Chern-Simons dynamical susceptibility is completely
encoded by the parameters Γ0 and Ω0, whereas the envi-
ronmental Hall effects stemming from the Chern-Simons
action are solely encapsulated by the parameter ΩCS .
This Breit-Wigner approach will be further exploited in
Sec.III to study the average magneticlike properties of
the flux-carrying particle. A continuation, we examine
the impact of both longitudinal and transverse Chern-
Simons effects upon the nonequilibrium thermodynam-
ics quantities of the flux-carrying Brownian particle pro-
vided by the reduced partition function (28) endowed
with the approximated roots (34).
1. Free energy
By replacing the Eq.(28) in the formal definition of the
Helmholtz free energy in terms of the partition function
[31, 49, 60], i.e. Fflux(β) = −β−1 lnZflux(β), one may
readily obtain the deviation of the free energy
∆F (β) = Fflux(β)− 2F0(β) (35)
= β−1 log
(
1 +
φ
ω20
)
− β−1
∑
i=1,2
(
logΓ
(
1 +
Ri~β
2pi
)
+ logΓ
(
1 +
R′i~β
2pi
))
+ 2β−1
∑
i=1,2
logΓ
(
1 +
ri~β
2pi
)
,
where F0(β) coincides identically with the free energy of
the damped one-dimensional harmonic oscillator in the
Markovian limit [31, 43–45, 60, 66]. In words, the novel
effects in the free energy due to the environmental Chern-
Simons action are completely contained by the terms on
the right-hand side of Eq.(35). Let us focus the attention
on the high- and low- temperature regime. In the former
limit (i.e., ~Γ0β  1), the gamma function in (35) may
be approximated by lnΓ (z) ' − ln z − γEz + pi2z2/12
with γE being the Euler-Mascheroni constant [73]. Thus,
one can show that the expression (35) for the free energy
simplifies to
∆F (β) = β−1 log
(
1 +
φ
ω20
)
+
2~γE
pi
(γ0 − Γ0) (36)
+
(2γ20 − 2Γ 20 − ω20 +Ω20)~2β
12
+O (β2) ,
where the first term in the right-hand side clearly iden-
tifies with the contribution owning to the aforemen-
tioned potential renormalization. By ignoring this, the
above equation (36) unveils that the longitudinal Chern-
Simons effects (encoded in Γ0 and Ω0) lead the free en-
ergy of the flux-carrying particle to asymptotically reach
(slightly) larger values in comparison to the damped two-
dimensional harmonic oscillator in the classical limit.
Nevertheless, the third term in the right-hand side of
(36), which depends linearly on the inverse temperature,
reveals that the influence of the Chern-Simons action
substantially diminishes in the classical limit in agree-
ment with the previous discussion in Sec.III.
Although it is not shown here, the contribution of the
rotational strength represent a fourth-order term Ω4CS
that is rapidly decreasing with ∼ β−3. From this is clear
that the dissipative mechanism contained by the longi-
tudinal dynamical susceptibility widely exceed the Hall
response. The latter can be understood by going back to
the general expression of the partition function (16) once
we have done the Breit-Wigner approximation: the in-
fluence of the transverse dynamical susceptibility Λ˜⊥(s)
in the strict Markovian scenario remains constant whilst
the longitudinal counterpart grows linearly with temper-
ature (recall νn ∝ β−1). We shall see in Sec.IV that
this feature is consistent with the results obtained al-
ternatively for the average magneticlike moment of the
flux-carrying particle. Furthermore, this observation is
in agreement with the results obtained in Ref.[19], where
it was shown that the environmental Hall effect in the
high-temperature regime represents a fourth-order cor-
rection to the Markovian dissipative dynamics of the con-
ventional damped harmonic oscillator.
Similarly, the Eq.(35) in the low temperature regime,
i.e. ~Γ0β  1, can be approximated with the help of [73]
lnΓ (z) ' z log z− 1
2
log z−z+ 1
2
log(2pi)+
1
12z
− 1
360z3
,
which after some straightforward manipulation retrieves
the leading low-temperature behavior
∆F (β) = β−1 log
(
1 +
φ
ω20
)
+
2~(γ0 − Γ0)
pi
(37)
− ~
2pi
∑
i=1,2
(
Ri log
(
~Riβ
2pi
)
+R′i log
(
~R′iβ
2pi
)
− 2ri log
(
~riβ
2pi
))
− β
−1
2
log
(
Ω40
ω40
− Ω
4
CS
ω40
)
+
2pi(Γ0ω
2
0Ω
2
0 − γ0(Ω40 −Ω4CS))β−2
3~ω20(Ω40 −Ω4CS)
+O (β−4) .
9A quick glance reveals that the third term in the right-
hand side of the Eq.(37) introduces a logarithmic diver-
gence at absolute zero temperature (β →∞) in the strict
Markovian dissipative scenario. As was previously ex-
plained, this anomalous behavior is intimately related to
the fact that the longitudinal Chern-Simons dynamical
susceptibility presents an infrared divergence.
Unlike the charged magneto-oscillator following the
conventional Brownian motion [43–49], we may also ob-
serve that the free energy of the flux-carrying particle
exhibits a linear dependence with temperature (see the
fourth term in the right-hand side of Eq.(37)). The role
of the latter is made clear by doing a perturbative anal-
ysis in the small parameter κ/ω0  1 once substituted
(31), (33) and Ω0 ≈ ω0 + 2γ0κ2/ω20 , i.e.,
log
(
Ω40
ω40
− Ω
4
CS
ω40
)
' 4 log
(
Ω0
ω0
)
−
(
ΩCS
Ω0
)4
(38)
=
γ0κ
2(8ω0 − γ0)
ω40
+
8γ20κ
4(γ0 − ω0)
ω70
+ O
((
κ
ω0
)6)
,
which unveils that such linear term constitutes a negative
contribution to the free energy up to next leading order in
the Chern-Simons coupling strength (see the subsidiary
condition (27)). This feature has a deep consequence on
the thermodynamic entropy Sflux(β) of the flux-carrying
particle: it make the entropy to take a (positive) non-
vanishing constant value in the low temperature regime
as similarly occurs in degenerate systems [58]. Using the
Maxwell’s thermodynamics relations
Sflux(β) = −kB ∂Fflux(β)
∂β−1
, (39)
we may see in fact that the deviation of the particle en-
tropy ∆S from the conventional Brownian motion does
not cancel at low temperatures (if we ignore the afore-
mentioned infrared divergence). This behavior of the en-
tropy shall be further discussed in Sec.III A 3.
Interestingly, one may also observe from (38) that
the second term in the right-hand side is negative and
is purely due to the environmental Hall response. In
turn, this means that the Hall effects contributes pos-
itively to the free energy. Recalling the discussion in
Sec.II, this novel feature could be attributed to the fact
that the rotational force (10) stemming from the Hall re-
sponse is enable to deliver certain mechanical work that
may significantly contribute to the particle free energy
[33, 55]. To further understand the operational meaning
of this we may devise an experiment in which we are able
to manipulate at will the Chern-Simons constant whilst
the dissipative microscopic description (8) remains valid
(e.g. flux-quench experiments are excluded [76]), so that
we may think of the reversible isothermal process, after
switching on quasistatically the Chern-Simons action, by
which the dissipative harmonic oscillator is taken from
an initial to a final thermal equilibrium state with the
same temperature β−1. Physically, the Maxwell-Chern-
Simons environment is assumed to relax very fast such
that all process of interest within it are essentially qua-
sistatic (which is consistent with a dissipative Markovian
dynamics). According to standard thermodynamics (e.g.,
see the Clausius inequality of classical thermodynamics)
[59, 77], a positive variation of the free energy in such
scenario must represent the minimum work added to the
system by the environmental Hall effects. The Eq.(37)
certainly manifests that the Maxwell-Chern-Simons en-
vironment may supply the interesting system with some
power at low energies. We shall show in Sec.III B that
this observation also coincides with the results in the
low-temperature limit obtained for the dissipative sce-
nario characterized by the Lorentzian-type spectral den-
sity (see Fig.1). Furthermore, following the same line of
thinking, the asymptotic value of ∆F (β → ∞) repre-
sents the minimum work needed for coupling the dissi-
pative harmonic oscillator to the Maxwell-Chern-Simons
environment [78], as well as the minimum energy nec-
essary to set up the aforementioned emf responsible for
the rotational force. Hence, the expression (38) alterna-
tively tells us that the the formation of the flux-carrying
particle is not an spontaneous process from the thermo-
dynamics point of view (which is in agreement with the
Second Law of thermodynamics).
2. Internal energy
Now we study the difference of the internal en-
ergy between the flux-carrying particle with respect to
the damped two-dimensional harmonic oscillator, i.e.
∆U(β) = Uflux(β) − 2U0(β) (with U0(β) corresponding
to the internal energy of the damped one-dimensional
harmonic oscillator in the Markovian regime). Specifi-
cally, we find
∆U(β) = − ∂
∂β
ln
Zflux(β)
Z20 (β)
(40)
= − ~
2pi
∑
i=1,2
(
Riψ
(
1 +
Ri~β
2pi
)
+ R′iψ
(
1 +
R′i~β
2pi
))
+
~
pi
∑
i=1,2
riψ
(
1 +
ri~β
2pi
)
,
where ψ(z) denotes the digamma function with argument
z [79]. Let us analyze the asymptotic behavior of Eq.(40)
in the high- and low- temperature limit. In the first case
we have z  1, and the digamma function may be ap-
proximated by ψ(z) ' −1/z−γE+pi2z/6 [68, 73], so that
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we obtain the internal energy with the leading Chern-
Simons correction reading
∆U(β) =
2~γE
pi
(γ0 − Γ0) (41)
+
(2γ20 − 2Γ 20 − ω20 +Ω20)~2β
6
+O (β2) .
Clearly, the Eq.(41) shows that the internal energy of the
flux-carrying particle may be slightly higher than the in-
ternal energy of the damped two-dimensional harmonic
oscillator. As similarly occurs to the free energy in the
high-temperature limit, there is no trace of the rotational
strength parameter up to next leading order in the inverse
temperature, which indicates that the Chern-Simons ef-
fects in the internal energy is mainly due to the dissipa-
tive mechanism contained in the longitudinal dynamical
susceptibility (e.g. see the second term in the right-hand
side of (41)). Furthermore, the influence of the latter sub-
stantially decay for increasing temperatures, and eventu-
ally, saturates to an asymptotic constant value.
Once again the situation drastically changes in the
low-temperature regime. In this limit, we may approach
ψ(z) ' log(z)− 1/2z − 1/12z2 + 1/120z4 [68, 73], which
inserted in the expression (40) yields
∆U(β) = − ~
2pi
∑
i=1,2
(
Ri log
(
~Riβ
2pi
)
+R′i log
(
~R′iβ
2pi
)
− 2ri log
(
~riβ
2pi
))
(42)
− 2pi(Γ0ω
2
0Ω
2
0 − γ0(Ω40 −Ω4CS))β−2
3~ω20(Ω40 −Ω4CS)
+O (β−4) ,
where the first term represents a logarithmic divergence
at absolute zero temperature, as previously anticipated.
On the other hand, a perturbative analysis of the second
term of the right-hand side of (42) in the small param-
eter κ/ω0  1 unveils that this essentially constitutes a
positive contribution, i.e.,
Γ0ω
2
0Ω
2
0 − γ0(Ω40 −Ω4CS)
~ω20(Ω40 −Ω4CS)
'
' Γ0ω
2
0 − γ0Ω20
~ω20Ω20
+
Γ0
~Ω20
(
ΩCS
Ω0
)4
(43)
≈ −γ0κ
2
~ω40
,
which implies that the internal energy of the flux-carrying
particle will be larger than the damped two-dimensional
harmonic oscillators for increasing low temperatures.
This indicates that the Maxwell-Chern-Simons environ-
ment behaves as a heat source [32] (i.e. heat bath): the
environmental Chern-Simons effects will also deliver heat
upon the system particle that transforms into kinetic en-
ergy, which is characteristics of a dissipative Brownian
motion [72]. As similarly occurs for the free energy, we
shall also see in Sec.III B that the internal energy de-
viation shows an initial growth with temperature for a
non-Markovian dissipative dynamics characterized by the
Lorentz-type spectral density. Finally, observe that the
logarithmic divergences of both internal and free energies
are identical, i.e. compared the first-term in the right-
hand side of (42) with the third contribution of the free
energy deviation (37), and they will compensate in the
entropy definition.
3. Entropy
Let now address the change of the thermodynamic en-
tropy caused by the Chern-Simons action. Having de-
termined the deviation of the the free energy (35) and
internal energy (40) of the flux-carrying particle, the en-
tropy variation can be now defined as usually,
∆S(β) = Sflux(β)− 2S0(β) (44)
= kBβ (∆U(β)−∆F (β)) ,
where Sflux(β) and S0(β) denote, respectively, the ther-
modynamic entropy of the flux-carrying particle and the
entropy of the damped (one-dimensional) harmonic oscil-
lator. For future discussions it is also convenient to intro-
duce the (reversible) heat delivered by the flux-carrying
particle at a constant inverse temperature β after switch-
ing on quasistatically the Chern-Simons action [58, 68],
∆Q(β) = ∆F (β)−∆U(β). (45)
It is important to notice that ∆Q(β) in a reversible
isothermal process represents the minimum heat ex-
changed between the system and the Maxwell-Chern-
Simons environment [59].
Plugging the equations (36) and (41) in (44), we obtain
a closed-form expression for the entropy change in the
high-temperature limit,
∆S(β) = −kB log
(
1 +
φ
ω20
)
(46)
+
(2γ20 − 2Γ 20 − ω20 +Ω20)~2kBβ2
12
+O (β3) ,
where the influence of the first term in the right-hand
side owing to the potential renormalization is relatively
small according to the subsidiary condition (9). Interest-
ingly, by ignoring the latter, the deviation of the entropy
from the conventional Brownian motion rapidly vanishes
for growing temperatures (i.e. β → 0). Gathering up
this result with the previous observation from the free
and internal energies, our analysis apparently indicates
that in the strict Markovian dissipative scenario and
high-temperature limit the flux-carrying particle largely
shares the nonequilibrium thermodynamics properties of
the damped two-dimensional harmonic oscillator, so that
we essentially recover the results from the classical sta-
tistical mechanics.
Once again, by substituting Eqs. (37) and (42) in (44),
we compute the entropy deviation in the low temperature
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limit and for weak Chern-Simons effects
∆S(β) = −kB log
(
1 +
φ
ω20
)
− 2~kB(γ0 − Γ0)β
pi
+
kB
2
log
(
Ω40
ω40
− Ω
4
CS
ω40
)
− 4pikB(Γ0ω
2
0Ω
2
0 − γ0(Ω40 −Ω4CS))β−1
3~ω20(Ω40 −Ω4CS)
+ O (β−3) , (47)
which is manifestly divergent at absolute zero temper-
ature as similarly occurs for the free and internal ener-
gies in the strict Markovian dynamics. Now one may
clearly see from (47) that the longitudinal Chern-Simons
dynamical susceptibility is the main responsible for this
divergence by noting that the latter disappears owing to
γ0 = Γ0 when Λ˜‖(s) is disregarded (see the Eq.(31)).
In spite of such anomalous feature, the behavior of the
entropy is in conformity with the Second law of ther-
modynamics. From the Eqs. (37), (42) and (45) follow
that the heat exchanged with the Maxwell-Chern-Simons
environment at absolute zero temperature is negative,
i.e. ∆Q(β → ∞) → −4~(γ0 − Γ0)/pi (see the Eq.(31)).
This result is in complete agreement with the second law
of thermodynamics formulated in terms of Clausius’s in-
equality (i.e. ∆Q ≤ T∆S): no heat can be taken from
the bath at absolute zero temperature [80]. Furthermore,
it is important to realize that from the Eqs. (38) and (45)
one may see that the heat intake of the dissipative parti-
cle from the Maxwell-Chern-Simons environment is com-
paratively larger than the delivered environmental work
outlined in Sec.III A 1 (i.e. 0 ≤ −∆Q in the low temper-
ature regime). This implies that the entropy increases
with temperature which is characteristic of a conven-
tional heat bath in standard thermodynamics [59]. On
the other side, it shall be shown in the next section (see
the Eq.(49)) that the heat capacity vanishes as tempera-
ture goes to zero in complete agreement with the Third
Law of thermodynamics [43, 45, 63, 66] (though it di-
verges in the absolute-zero temperature limit). This can
be seen from (47) by using the Maxwell’s thermodynamic
relation,
Cflux(β) = β
−1 ∂Sflux(β)
∂β−1
.
Since Sflux(β) decays linearly with temperature as fol-
lows from (47), the contribution of the Chern-Simons ac-
tion to the heat capacity will vanish linearly as well.
Intriguingly, by disregarding the discussed infrared di-
vergence and the potential renormalization φ, the equa-
tion (47) reveals that the entropy of the flux-carrying
particle is dominated for a non-vanishing constant value
at low temperatures (see the third term in the right-hand
side). The latter represents a positive contribution to
the entropy up to next leading order of the small pa-
rameter κ/ω0  1 as follows from the expression (38),
and completely coincides with the observation in the dis-
sipative non-Markovian scenario as well (see the discus-
sion around the figure 2 in Sec.III B). This feature recalls
the result obtained from degenerate systems [58], and it
suggests that the flux-carrying particle may have a non-
trivial ground state different from the damped harmonic
oscillator, which must be somehow related to the fact
that the coupling of the dissipative oscillator with the
Chern-Simons action may effectively alter its statistics
[17]. This point will deserve further attention in a treat-
ment of the statistical mechanics in a dissipative scenario
free of the mentioned infrared singularity.
4. Heat capacity
Finally, we present the result related to the heat ca-
pacity of the flux-carrying particle. Given the internal
energy (40), one may readily obtain this by using the
standard thermodynamics relations [31, 49, 60], i.e.,
Cflux(β) = kB
∂Uflux(β)
∂β−1
= 2C0(β) (48)
+
~2kBβ2
(2pi)2
( ∑
i=1,2
R2iψ
′
(
1 +
Ri~β
2pi
)
+ R′2i ψ
′
(
1 +
R′i~β
2pi
)
− 2
∑
i=1,2
r2iψ
′
(
1 +
ri~β
2pi
))
,
where C0(β) stands for the heat capacity of the usual
damped (one-dimensional) harmonic oscillator in the
Markovian dynamics regime, and we have defined
ψ′(z) = dψ(z)dz . We next study the behavior of (48) in
the interesting asymptotic limits. Making use of the ex-
pression ψ′(z) ' 1/z + 1/2z2 + 1/6z3 − 1/30z5 valid for
large arguments z, we find that the low-temperature heat
capacity up to the next leading order in the inverse tem-
perature expresses as follows
Cflux(β) = 2C0(β) +
2~kB(γ0 − Γ0)β
pi
(49)
− 4pikB(Γ0ω
2
0Ω
2
0 − γ0(Ω40 −Ω4CS))β−1
3~ω20(Ω40 −Ω4CS)
+ O (β−3) ,
where C0(β) is expected to decay linearly with temper-
ature [45, 49, 63, 66]. As similarly discussed for the en-
tropy, the absolute-zero temperature divergence of the
heat capacity can be essentially attributed to the infrared
singularity exhibited by the longitudinal Chern-Simons
dynamical susceptibility in the strict Markovian dynam-
ics.
Interestingly, the above expression (49) shows that the
heat capacity of the flux-carrying Brownian particle van-
ishes as the temperature approaches its absolute zero
value if we disregard the aforementioned anomalous be-
havior. In other words, at least for weak Chern-Simons
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constant values (i.e. κ/ω0  1), the Eqs. (47) and (49)
suggest that the proposed microscopic description (8) is
able to reproduce the Third Law of thermodynamics up
to a renormalization factor.
In the opposite limit of high-temperature, the first
derivative of the digamma function in (48) approaches
to ψ′(z) ' 1/z2 +pi2/6− z+pi4z2/30, and thus, the heat
capacity takes the form
∆C(β) = − (2γ
2
0 − 2Γ 20 − ω20 +Ω20)~2kBβ2
6
+O (β3) .
(50)
Recalling the results from the previous sections, the
Eq.(50) manifests once again that the nonequilibrium
thermodynamics properties of the flux-carrying particle
largely overlap with those of the damped two-dimensional
harmonic oscillator at sufficient high temperatures.
To recap, the deviation of the flux-carrying particle
thermodynamic properties from the conventional Brow-
nian motion significantly change from the high- to the
low- temperature regime. It turns out that in the former
limit the dominant behavior of the deviation of the free
energy, internal energy, entropy and heat capacity is to
decay as an inverse power of the temperature. This even-
tually makes the Chern-Simons influence be negligible in
the classical limit, and as a consequence, the thermo-
dynamics properties of the flux-carrying particle closely
approach to those from the damped two-dimensional har-
monic oscillator. This is consistent with the observation
that the Chern-Simons effects are significantly damped
in the high-temperature regime owning to the fact that
the Chern-Simons dynamical susceptibilities display 1/f -
type power spectral density (see the Eqs. (19) and (20)).
By contrast, the flux-carrying particle in the quantum
domain exhibits a quite different behavior to the conven-
tional Brownian motion in presence of an external mag-
netic field [43–48]: the free energy of the flux-carrying
particle has an additional linear dependence with temper-
ature that eventually leads the entropy to take a finite
constant value in the low-temperature regime, though
it presents an anomalous divergence which is rooted in
an infrared singularity characteristic of the longitudi-
nal Chern-Simons dynamics susceptibility in the strict
Markovian scenario. Disregarding the infrared diver-
gence in the entropy and the heat capacity, the nonequi-
librium thermodynamics quantities of the flux-carrying
particle seem to reproduce the results expected from the
Third law of thermodynamics. In parallel, it was dis-
cussed that the influence of the potential renormalization
in (4) just regards a rescaling of the flux-carrying particle
partition function because the subsidiary condition (9).
B. Lorentzian-type spectral density
The foregoing analysis holds when the system-
environment coupling strength is small compared to the
strength of the harmonic confining potential, and thus,
the environmental Chern-Simons effects are sufficiently
weak (according to the subsidiary conditions (27)). Let
us turn the attention to a more general dissipative sce-
nario which presumably brings about non-Markovian dis-
sipative effects, so that the system-environment coupling
is expected to substantially influence the nonequilibrium
thermodynamic properties. Basically, we find that the
nonequilibrium thermodynamic quantities of the flux-
carrying particle in the studied non-Markovian scenario
widely agree with the discussion in Secs. III and III A,
and importantly, the entropy and heat capacity seem to
reproduce the results in conformity with the Third Law
of thermodynamics for a strong system-environment cou-
pling as well (up to a renormalization factor).
Going beyond the weak system-environment coupling
limit, we address the intricate dissipative dynamics dic-
tated by the Lorentzian-type spectral density [49, 66]
Jlorentz(ω) =
2mγ0Ω
4ω
χ2ω2 + (Ω2 − ω2)2 , (51)
where γ0 is the friction coefficient as before, Ω and χ are
the frequency and damping parameters of a thermal har-
monic noise. The spectral density (51) has been exten-
sively used to describe systems driven by a colored noise
having a Lorentzian power spectrum [81]. In particular,
it was employed to address the nonequilibrium thermo-
dynamics of the damped two-dimensional harmonic os-
cillator in presence of an external uniform magnetic field
[49, 66]. Replacing this in Eq.(18) and using the standard
tables of integration, one may see that the conventional
dynamical susceptibility takes the form [49]
∆˜(s) =
2γ0Ω
2
χ
s(s+ χ)
s2 + sχ+Ω2
, (52)
whereas the Chern-Simons dynamical susceptibilities are
now given by,
Λ˜||(s) =
2γ0Ω
2κ2
χ
s+ χ
s(s2 + sχ+Ω2)
, (53)
Λ˜⊥(s) =
γ0Ω
2κ
χ
s+ χ
s2 + sχ+Ω2
. (54)
Notably, one may readily see from (53) and (54) that the
environmental Chern-Simons effects in the low tempera-
ture regime (s 1) are powered for the case of structured
environments χ/Ω  1 [49]: the dominant behavior of
the longitudinal Chern-Simons dynamical susceptibility
goes like ∼ 1/s.
The price to pay for considering the spectral choice
(51) is that the longitudinal Chern-Simons susceptibil-
ity (53) presents an infrared singularity similarly as oc-
curs for the Markovian case, and as a consequence, the
nonequilibrium thermodynamic quantities of the flux-
carrying particle will diverge at the absolute zero tem-
perature as well. This can be further understood by
noting that the denominator of the general algebraic ex-
pression of the partition function (16) becomes infinite
since Λ˜||(s) diverges, whereas the numerator remains fi-
nite when we take the absolute zero temperature limit:
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Figure 1. (color online). (Upper and central) Three-
dimensional plots of the deviation of the free and internal
energies in the strong system-environment coupling regime as
a function of the Chern-Simons constant κ and the inverse
temperature β−1. We have fixed the problem parameters as
ω0 = 10m = 10 and χ/Ω = 1/30 and γ0/ω0 = 1/2, in the nat-
ural units ~ = kB = 1. (Lower) Contour plot of the deviation
of the free energy as a function of the spectral-density param-
eter χ and the inverse temperature β−1. The parameters were
fixed as to the upper and cental plots, and the Chern-Simons
action strength was fixed at κ/ω0 = 1/20.
that is, Zflux → 0 for β → ∞. In a more profound
sense, the strict Ohmic and Lorentzian-type dissipative
spectral densities show this anomalous behavior mainly
due to they do not formally take account the dimension-
ality (d = 2) of the Maxwell-Chern-Simons environment,
which roughly characterizes the power of the spectral
density at low energies [30], i.e. J(ω) ∼ ωd. Although
these spectral densities may represent a broad class of
quantum dissipative systems, they do not regard a fully
physical description for two-dimensional systems in the
low-temperature limit. Furthermore, it is important to
notice that to be the choice (51) consistent with the rela-
tion dispersion (2) of the environmental excitations, we
must demand the following subsidiary condition is ful-
filled,
κ Ω, (55)
which guarantees nothing else but the interesting sys-
tem will mainly interact with the environmental modes
that are well contained in the spectrum of the Maxwell-
Chern-Simons environment. Note that this condition
does not prevent us of taking large values for the pa-
rameter γ0/ω0 ∼ 1 which roughly characterizes a strong
system-environment interaction.
Similarly to the (strict) Ohmic spectral density, the
reduced partition function (16) becomes a rational func-
tion once substituted the environmental kernels (52), (54)
and (54), so this can be calculated by following an iden-
tical procedure as to compute the expression (28) in the
Sec.III A (see appendix B for further details). The parti-
tion function of the flux-carrying Brownian particle now
reads,
Zflux(β) = Z
2
0 (β)
(
1 +
φ
ω20
)−1
(56)
×
∏5
i=1 Γ
(
1 + Ri~β2pi
)
Γ
(
1 +
R′i~β
2pi
)
∏2
i=1
[
Γ
(
1 + ri~β2pi
)
Γ
(
1 +
r′i~β
2pi
) ]2 ,
where Z0(β) is the partition function of the damped one-
dimensional harmonic oscillator (a closed-form expres-
sion for Z0 can be found in [49]), and {ri, r′i} as well
as {Ri, R′i} are the roots of the following polynomials,
respectively,
P (r) = (r2 + ω20)(r
2 + χr +Ω2) +
2γ0Ω
2
χ
r(r + χ),
Q(R) =
(
RP (R) +
2κ2γ0Ω
2
χ
(R+ χ)
)2
− κ
2γ20Ω
4
χ2
R2(R+ χ)2. (57)
As expected the Eq.(56) returns the result of the
independent-oscillator model for a vanishing Chern-
Simons action (i.e. Q(R) → (rP (r))2 when κ → 0).
Owning to the partition function (56) closely resem-
blances the expression (28) for the Ohmic case, it is
readily to see that the deviation of the nonequilibrium
thermodynamics quantities ∆F (β), ∆U(β), ∆S(β), and
∆C(β) for the Lorentzian-type spectral scenario can be
cast in an identical form as shown in Eqs. (35), (40), (44)
and (48) respectively, but rather in terms of the roots of
the polynomials (57). Instead of writing down the full ex-
pression, we illustrate in the figures (1), (2) and (3) the
results obtained for their numerical computation. For
seek of simplicity, the influence of the potential renor-
malization shall be neglected throughout the following
discussion.
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Figure 2. (color online). (Left) The entropy deviation as a function of the inverse temperature β−1 for fixed values of the Chern-
Simons constant. The black solid, green dashed, and red dashed-dotted lines represent the entropy deviation for κ/ω0 = 0.01,
κ/ω0 = 0.05, κ/ω0 = 0.1, respectively. The shadow area corresponds to spurious results due to the infrared divergence.
(Central) Three-dimensional plot of the entropy deviation as a function of the Chern-Simons action strength κ and the inverse
temperature β−1. The lines pictured in the left panel have been represented here as well. (Right) Similarly, three-dimensional
plot of the heat capacity deviation as a function of the Chern-Simons constant κ and the inverse temperature β−1. In all
the plots, we have fixed the rest of parameters as ω0 = 10m = 10, and χ/Ω = 1/30 and γ0/ω0 = 1/2, in the natural units
~ = kB = 1.
In figure (1) we may observe a similar behavior of
∆F (β) and ∆U(β) (see upper and central panel) as pre-
dicted by the Eqs. (37) and (42) in the Markovian case at
low temperatures. First, it is clear that the free and in-
ternal energies (slightly) increase for rising Chern-Simons
action strength which is in accordance with the fact that
certain work must be done upon the dissipative harmonic
oscillator in order to establish the environmental emf
that eventually leads to the formation of the flux-carrying
Brownian particle: there is not spontaneous creation of
the flux-carrying particle understood in the thermody-
namics sense (i.e. a non-spontaneous process implies an
increase of the free energy). Furthermore, we find out
that this effect intensifies when the environment becomes
structured. In particular, the figure (1) illustrates a con-
tourplot of the free energy deviation as a function of the
temperature and the characteristic parameter χ/Ω. One
may readily see from this plot that for a given constant
temperature the ∆F may reach larger values as χ/Ω be-
comes smaller, which is in complement agreement with
our previous observation about the Eqs. (53) and (54).
By fixing κ to a constant value, we may also appreciate
that the free energy follows a linear decayment for higher
temperatures than 1/β~ω0 ≈ 0.04, which is better illus-
trated below in the plot (2) for the entropy (see the green
dashed and red dashed-dotted lines in the right and cen-
tral panels). The latter figure reveals that the entropy
roughly saturates to a constant value before diverging at
absolute-zero temperature (see shadow area in the right
panel of figure (2)), which according to the Maxwell’s
thermodynamic relation (39) means that the dominant
behavior of the free energy of the flux-carrying particle
is rougly linear at low temperatures. Interestingly, this
linear feature displayed by the free energy has no coun-
terpart in the charged magneto-oscillator coupled to a
conventional heat bath [42–48], and is intimately related
to the mechanism by which the environmental Hall re-
sponse deliver some energy that transforms into mechan-
ical work added to the flux-carrying particle, which sub-
sequently supports our previous observation about that
the Maxwell-Chern-Simons environment may behave as
a work source. At this point, it is important to real-
ize that the dissipation mechanism dominates the open-
system dynamics against the environmental Hall effects
according to the subsidiary condition (23), and thus, the
heat delivered from the environment to the dissipative
particle will be larger in comparison to such work. Ad-
ditionally, we may also see from the figure (1) that the
free and internal energies at higher temperatures show
an algebraic decayment instead, which is in agreement
with the power dependence with the inverse temperature
found previously in the strict Markovian case.
The figure (2) similarly depict the deviation of the
entropy and the heat capacity for a strong system-
environment coupling. A quick glance reveals that both
thermodynamics quantities diverge for decreasing tem-
peratures and higher Chern-Simons constant, e.g. the
entropy abruptly drops below 1/β~ω0 ≈ 0.04 (see the
shadow area in the left panel). Although it is not appre-
ciated from figure (1), this also occurs for the free and
internal energies. Let us emphasize once again that such
divergence is due to we are treating a dissipative non-
Markovian model (i.e. Lorentzian spectral density) for
which the longitudinal Chern-Simons dynamical suscep-
tibility contains an infrared divergence (see the Eq.(53)).
As mentioned above, from the right and central panels
in figure (2), we may observe in the low energy regime
that the entropy of the flux-carrying particle remains al-
most constant in temperature for different values of the
Chern-Simons action strength (see the green dashed and
red dashed-dotted lines) which is a hallmark of a lin-
ear behavior in the free energy in complete agreement
with the previous discussion in Secs.III A 1 and III A 3.
This is better illustrated in the central panel, where the
entropy deviation is plot as a function of the temper-
ature and the Chern-Simons constant. Discarding the
aforementioned anomalous behavior, these figures addi-
tionally suggest that the entropy reproduces the Third
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Figure 3. (color online). Nonequilibrium thermodynamic
quantities in the high temperature regime as a function of
the Chern-Simons action strength κ for a fixed temperature
β−1 = 2~ω0. The solid black, dashed blue, dot-dashed red,
and double dot-dashed orange depict the deviations ∆F , ∆U ,
∆S and ∆C, respectively. The rest of parameters were fixed
as to the Fig.1.
Law of thermodynamics: it takes a finite constant value
as we approach the zero temperature limit [58]. On the
other side, the heat capacity, which is depicted in the
left panel of figure (2), clearly displays a similar behav-
ior to the entropy: it vanishes even for large values of
the system-environment coupling (i.e. γ0/ω0 ∼ 1) in
the low-temperature regime, though diverges at absolute
zero temperature (as previously anticipated). That is,
this plot reveals that the heat capacity for the studied
non-Makovian dissipative scenario cancels at low energy
in conformity with the Third Law of Thermodynamics.
Accordingly, this observation together with the behavior
exhibited by the entropy seems to indicate that the dissi-
pative Maxwell-Chern-Simons model (8) retrieves results
which are widely in conformity with the Third Law of
thermodynamics in the studied non-Markovian dissipa-
tive scenario as well.
Finally, the figure (3) illustrates the behavior of the
nonequilibrium thermodynamics quantities as a function
of the Chern-Simons constant in the high-temperature
regime. Interestingly, we may observe for a fixed temper-
ature (γ0β  1) that the free and internal energies, as
well as the entropy, slightly grow with the Chern-Simons
action strength in agreement with the results found for
the strict Ohmic spectral density (see the Eqs. (36),
(41), and (46)), as opposite to the heat capacity which
decreases (see the Eq.(50)). Although it is not shown
here, we also observe that all the nonequilibrium ther-
modynamics quantities exhibit a similar dependence with
temperature as previously shown for the Markovian case:
∆S, ∆U , ∆F and ∆C in the high-temperature limit go
as a power of the inverse temperature. Hence, the devi-
ation of the nonequilibrium quantities from the conven-
tional Brownian motion ultimately saturate to a constant
value (which just depends of the spectral density param-
eters) in the studied non-Markovian dissipative scenario
as well.
IV. ENVIRONMENT-INDUCED ORBITAL
MAGNETICLIKE MOMENT
So far we have explored the statistical phsycis of the
flux-carrying particle, which surprisingly reveals that
in the classical limit it largely shares the nonequilib-
rium thermodynamics properties of the damped two-
dimensional harmonic oscillator, so that we recover the
results in agreement with the classical statistical mechan-
ics. Now the stationary magneticlike features induced by
the Maxwell-Chern-Simons environment are addressed
when the quantum dissipation is fully characterized by
a strict Markovian dynamics [72]. As stated in the Sec.II
as well as extensively discussed in Ref.[19], the crucial ef-
fect of the Chern-Simons action in the dissipative descrip-
tion (8) is to effectively attach a changing magneticlike
flux to the system harmonic oscillators that gives rise to
an ordinary Hall effect responsible for the environmen-
tal rotational force (10), which in turn is behind of the
previously discussed environmental work delivered upon
the flux-carrying particle. Consequently, the harmonic
oscillator undergoes a vortexlike motion that may induce
a non-zero orbital magneticlike moment, as similarly oc-
curs in conventional Brownian particles in presence of
external magnetic fields [41, 53, 56]. Interestingly, we
shall show in this section that the average orbital mag-
neticlike moment of the flux-carrying particle vanishes in
the high-temperature limit in conformity with the BvL
theorem as well as the results of the previous sections.
First, we define the orbital magneticlike moment Mˆ
(in SI units) proportional to the orbital angular momen-
tum as usually [33, 40, 42]
Mˆ = − e
2m
qˆ × pˆ. (58)
Our main interest is to compute the average value of (58)
when the global system is in the canonical equilibrium
state ρˆβ ∝ e−βHˆ, as previously assumed in Sec.III. It is
convenient to express Mˆ in terms of the cross-correlation
functions
∆αλ(t) =
1
2
〈{qˆα(t), qˆλ(0)}〉β , (59)
as follows 〈
Mˆz
〉
β
= lim
t→0
e
2
(∆˙12(t)− ∆˙21(t))
= e
d∆12(t)
dt
∣∣∣∣
t=0
, (60)
where we have made use of the property ∆12(t) =
∆21(−t), and 〈·〉β denotes the average on the global
canonical equilibrium state ρˆβ . Fortunately, we can fur-
ther employ the imaginary-time path integral framework
presented in Sec.III to compute the expression for the
equilibrium correlations functions (59). Starting from
the Euclidean action (14) once again, this tasks is ac-
complished by introducing an additional linear source
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term which may be interpreted as a fictitious external
(two-dimensional) force F [31, 69, 70], that yields the
generating functional
Zflux(β,F ) = Z
−1
MCS(β)
×
∮
Dq(τ)
∮
Dx(τ) e−~−1
(
S(E)[q(τ),x(τ)]+
∫ ~β
0
dτ q(τ)·F (τ)
)
,
where ZMCS(β) is the partition function of the Maxwell-
Chern-Simons environment (see the Eq.(A5)). In the
imaginary time, the correlation function is then obtained
from the following well-known identity [2, 32, 69],
〈qˆα(τ1)qˆλ(τ2)〉β =
1
Zflux(β)
δ2Zflux(β,F )
δFα(τ1)δFλ(τ2)
∣∣∣∣∣
F=0
, (61)
where τ1 > τ2 in imaginary time, and Zflux(β) is the
partition function given by (16).
Following a similar procedure as to compute the par-
tition function in Sec.III, one can show that the Eq.(61)
yields the following fluctuation-dissipation relation (a de-
tail derivation is sketched in the appendix C),
∆αλ(t) =
~
2pim
∫ ∞
−∞
dω e−iωt coth
(
ω~β
2
)
Im
(
GˇR
)
αλ
(ω),
(62)
where ImA denotes the imaginary-like part of the com-
plex matrix A, i.e. ImA = −i/2(A−A†) (with † denot-
ing the Hermitian conjugate transpose [82]), and GˇR(ω)
represents the real-time Fourier transform of the retarded
Green’s function of the quantum open-system dynamics.
Accordingly, the inverse of the latter is given by (see the
Eq.(A13) in appendix A)(
Gˇ−1R
)
αβ
(ω) = δαβ
(− (ω+ i0+)2 +ω20)+ Σˇαβ(ω+ i0+),
with Σˇ(ω) standing for the real-time Fourier representa-
tion of the retarded self-energy, also known as the envi-
ronmental dynamical susceptibility, i.e.
Σˇαβ(ω) = δαβ
(
∆ˇ(ω) + Λˇ‖(ω)
)
+ αβΛˇ⊥(ω). (63)
The above frequency-dependent kernels are obtained
from the Laplace transform of the dynamical suscepti-
bilities presented in Sec.III (see the Eqs. (18), (19) and
(20)) via analytic continuation [2, 31], e.g.
∆ˇ(ω) = lim
ε→0+
∆˜(s = −iω + ε).
Notice that the expression (62) is the counterpart of
the fluctuation-dissipation theorem in the conventional
Brownian motion [30, 57, 72].
Here, we are mainly interested in the strict Markovian
dynamics for which the real-time Fourier transform of
the retarded Green’s function must express as a rational
function, such that it just displays simple complex poles.
As was similarly done in Sec.III A, this is equivalent to
approximate GˇR(ω) by a Breit-Wigner resonance shape
[19, 74, 75], i.e., GˇR(ω) ' GˇBW (ω + i0+) with(
Gˇ−1BW
)
αβ
(ω) = δαβ
(−ω2+Ω20−i2Γ0ω)+αβΩ2CS , (64)
which has simple poles
λ∓ = Γ0 ∓ η with η =
(
Γ 20 −Ω20 + iΩ2CS
) 1
2 ,
where Ω0, Γ0, and ΩCS are given in Sec.III A. Recall that
we are dealing with the system-environment weak cou-
pling limit in which the subsidiary condition (27) holds
(which in turns implies Γ0/Ω0, ΩCS/Ω0  1). Accord-
ingly, this permits to compute an exact solution for the
thermal correlation functions (62) by using the standard
contour integration techniques [83]. Concretely, we find
d∆12(t)
dt
= Re{S˙0(t) + S˙CS(t)} − 2~Ω
2
CS
mβ
S˙
(q)
CS(t), (65)
where Re{z} denotes the real part of the complex number
z, and we have defined the following auxiliary functions
S0(t) =
~
4mη
(
coth
(
iβ~λ−
2
)
e−λ−t
− coth
(
iβ~λ+
2
)
e−λ+t
)
, (66)
SCS(t) = − Ω
2
CS~
mβ(Ω40 +Ω
4
CS)
(67)
− i~
2mβ(Ω20 − iΩ2CS)η
(
λ+e
−λ−t − λ−e−λ+t
)
,
and the quantum correction
S
(q)
CS(t) =
∞∑
n=1
e−νnt
((
ν2n +Ω
2
0
)2
+Ω4CS + 4Γ
2
0 ν
2
n
)
(ν2n − λ2+)(ν2n − λ2−)(ν2n − λ†2+ )(ν2n − λ†2− )
.
(68)
Replacing the expressions (66), (67) and (68) in (60)
and approximating coth (iβ~λ±/2) ' ∓1 as well as
S˙
(q)
CS(t) up to next leading order in temperature, after
some straightforward manipulation we obtain the aver-
age value of the orbital magneticlike moment (58) in the
low-temperature limit (i.e. 1 Γ0β),〈
Mˆz
〉
β
= e~
(
ΩCS
Ω0
)2(
Ω20
2pim(Ω20 − Γ 20 )
+
Ω20Γ0
4pim(Γ 20 −Ω20)
3
2
(
ipi + log
(
Γ0 +
√
Γ 20 −Ω20
Γ0 −
√
Γ 20 −Ω20
)))
+O
((
ΩCS
Ω0
)4)
, (69)
which clearly pinpoints the environmental Hall response,
manifested through the rotational strength parameter
ΩCS , as responsible for a non-trivial intrinsic orbital
17
Figure 4. The average value of the orbital magneticlike mo-
ment (in units of the Bohr magneton µB = e~/2m) as a func-
tion of the inverse temperature. The solid and dashed balck
lines are, respectively, the results obtained for the dissipative
coefficients Γ0 = ΩCS and Γ0 = 2ΩCS at a fixed value of
the renormalized oscillator frequency Ω = 20ΩCS . The dot-
dashed black line in the inset corresponds to Ω0 = 40ΩCS ,
whereas the solid line is the same as in the main plot. The
rest of parameters were chosen as ΩCS = m/2 = 1/2 in the
natural units ~ = kB = e = 1.
magneticlike moment of the dissipative harmonic oscilla-
tor. Further, the positive value of the average magnetic
moment can be understood by realizing that the rota-
tional force giving rise to the orbital path is applied in
the clockwise direction (see the Eq.(10)), which means
that the induced magneticlike moment must be oriented
in the counterclockwise direction for a particle with neg-
ative elemental charge. In view of this result and the
discussion in Sec.III A 1, we may conclude that the work
done by the Maxwell-Chern-Simons environment is de-
voted to generate the effective magnetization of the sys-
tem particle.
The situation drastically change as one goes to the
high-temperature regime (i.e. Γ0β  1): we find that the
average magnetic moment cancels. This can be seen from
the Eq.(65) by substituting coth (iβ~λ±/2) ' −2i/λ±β
and by noting that the quantum corrections must be-
come zero. Intriguingly, one could naively expect that
the mean value of the magnetic moment does not vanish
in the classical limit since the rotational force persists
in the classical domain, however the results of Sec.III A
indicates the other way around. It was shown that the
effects in the nonequilibrium thermodynamics quantities
owning to the environmental Hall response are effectively
damped in the classical limit, since there is no signifi-
cant contribution to the free and internal energies, which
therein indicates that the mean value of the angular mo-
mentum of the flux-carrying particle eventually cancels,
and thus, the average orbital magnetic moment as well by
construction. As was explained in Sec.III A 1, this could
be mainly attributed to the fact that the environmental
Hall response in the strict Markovian scenario remains
constant whilst the dissipative effects contained in the
longitudinal dynamical susceptibility grows linearly with
temperature.
The behavior of the magneticlike moment of the flux-
carrying particle is better illustrated by the figure (4),
where its average value is plot as a function of the inverse
temperature for distinct choices of the dissipative coef-
ficient (see main plot) and renormalized harmonic fre-
quency (see the inset). A quick glance reveals that the
orbital magneticlike moment undergoes a smooth tran-
sition from a zero value in the high-temperature regime
to a non-vanishing constant (determined by (69)) in the
quantum limit. Paying further attention, one may see
for a fixed β that the latter decreases for growing val-
ues of Ω0 as well as Γ0, which is in agreement with the
observation that the dominant effects in the strict Marko-
vian dynamics are due to the dissipate mechanism and
harmonic confinement, so that the relative influence of
the rotational force in the open-system dynamics is ef-
fectively diminished.
Finally let us emphasize that our results are in con-
formity with the so-called BvL theorem, albeit there is
no need. Formally, this theorem states that the aver-
age magnetic moment of classical charged particles in
the presence of an external time-independent magnetic
field is zero in thermal equilibrium [28, 51–53]. Contrary
to the latter, the root of the orbital magneticlike mo-
ment here is an environmental emf which is generated by
a changing magneticlike flux [50]: the magneticlike mo-
ment arising from the dissipative microscopic description
(8) is created by a dynamical gauge field. Indeed, the
rotational force (10) closely resemblances the force term
F ∗ due to an azimuthal electric field produced by cer-
tain time-dependent magnetic field B(t) in the ordinary
Maxwell electrodynamics [56], e.g.
Fˆ ∗ ∝ qˆ × dBˆ(t)
dt
.
Hence, our flux-carrying Brownian particle has no direct
comparison with the two-dimensional Brownian particle
in presence of an external uniform magnetic field [41],
so the dissipative microscopic model (8) are not con-
strained to the fundamental conclusion of the BvL the-
orem (despite the results found for the Markovian case
are in agreement with this), and thus, it does not pre-
vent us of finding out a non-vanishing magneticlike mo-
ment even at high temperature. For instance, it was
shown for (closed-system) fermionic particles subject to
the CS-QED2+1 that the permanent magneticlike field
induced by the Chern-Simons action may survive in the
high-temperature regime [15], so one could expect here
that the average orbital magneticlike moment remains
non-trivial in the classical limit for a dissipative scenario
where the transverse Chern-Simon effects were dominant,
such as for a sufficiently strong coupling to the Chern-
Simons action (e.g. κγ0/ω
2
0  1). Nonetheless, the lat-
ter could occur at expense of the dissipative dynamics
of the flux-carrying particle departs from the low-lying
effective description (8) [19] as well as deviates from the
standard thermodynamics [80] (recall the subsidiary con-
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dition (23)).
V. CONCLUDING REMARKS
Following the imaginary-time path integral approach,
we have extensively examined the statistical physics
emerging from a novel microscopic description for dissi-
pative two-dimensional harmonic systems which has been
recently derived in the framework of the non-relativistic
CS-QED2+1 theory. This analysis has revealed that the
properties of the single dissipative particle in the quan-
tum domain substantially differ from those of the damped
two-dimensional harmonic oscillator characteristic of the
conventional Brownian motion. Essentially, the novel en-
vironmental Chern-Simons effects endow the dissipative
particle with an orbital magneticlike moment, such that
it could be viewed as a Brownian particle ”dressing” a
magneticlike flux which, however, has no counterpart in
the traditional Landau diamagnetism under dissipation.
Unlike the quantum statistical mechanics of a charged
magneto-oscillator coupled to a conventional heat bath,
the dominant behavior of the free energy in the quan-
tum limit is linear in temperature and the entropy may
eventually saturate to a constant value at low energies,
which indicates that the ground state of the flux-carrying
particle bears certain resemblance to a degenerate state.
Additionally, we discuss that by virtue of the environ-
mental Hall response the Maxwell-Chern-Simons envi-
ronment play a role beyond the independent-oscillator
model and may simultaneously act as a work source as
well, which is behind of the environment-induced magne-
tization. Nonetheless, the heat intake of the dissipative
particle from the environment is demanded to be larger
than this work in order the Maxwell-Chern-Simons envi-
ronment behaves as a heat bath from the standard ther-
modynamics.
We have also found out that the environmental Chern-
Simons effects have not significant impact in either the
thermodynamics quantities or the orbital magneticlike
moment in the high temperature limit for the studied
dissipative scenarios: strict Markovian dynamics and a
non-Markovian instance (i.e. we have explored both the
weak and the strong system-environment coupling situa-
tions), instead they represent a small correction to the
well-known properties of the damped two-dimensional
harmonic oscillator. In this way, we recover the results in
conformity with the BvL theorem (that is, a vanishing or-
bital magnetic moment in the classical limit). We argue
that this is a consequence of the fact that the dynam-
ical susceptibilities encoding the environmental Chern-
Simons effects are energetically dampened in the high-
temperature limit. Furthermore, we discuss that this
ultimately occurs because such susceptibilities feature a
power spectral density that is characteristic of a 1/f -type
noise. As a counterpart, the longitudinal Chern-Simons
dynamical susceptibility presents an infrared divergence
which leads the partition function of the flux-carrying
particle to eventually vanish, and in turn, the nonequilib-
rium thermodynamics quantities diverge at absolute zero
temperature in the studied dissipative scenarios. Up to a
renormalization of this anomalous behavior, our results
suggest that the present dissipative microscopic model
widely reproduces the Third Law of thermodynamics, at
least for a weak Chern-Simons action strength.
In contrast to the vast majority of traditional micro-
scopic models based on the conventional Brownian mo-
tion, our dissipative microscopic description explicitly in-
troduces the Abelian topological gauge action giving rise
to a substantially richer dissipative dynamics. In the low-
energy regime (i.e. in the gauge field long-wavelength
limit and for low energetic particles) the novel Chern-
Simons effects are mainly encapsulated by an environ-
mental emf which produces an ordinary Hall response
that, in turn, is responsible for an intrinsic magneticlike
moment of the dissipative system particles. As simi-
larly occurs in systems of composite excitations of elec-
trons and magnetic fluxes endowed with remarkably elec-
tromagnetic features (e.g. quantum Hall systems), one
could expect that this response may provide an ensemble
composed of the flux-carrying Brownian particles with
interesting energy transport properties as well as elec-
trical conductivity effects: for instance, in a uniformly
environment-magnetized ensemble the overall current in
the bulk could eventually cancel giving rise to an edge
current alone. On the other side, the proposed micro-
scopic description has clear points of contact with the in-
cipient artificial gauge field theory, and regards a natural
candidate to study systems coupled to dynamically gen-
erated synthetic fields that mimics a time-varying pseu-
domagnetic flux, or more challenging, it could be used
as a paradigmatic model to address the two-dimensional
dissipative phenomena characteristic of a magnetic heat
bath. We hope that our presents results may inspire fu-
ture works along these lines.
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Appendix A: Derivation of the reduced partition
function
In this appendix we illustrate the derivation of the
reduced partition function given by Eq.(16), which ap-
pears in Sec.III. Following closely the program presented
in [31, 70], this is achieved by firstly introducing the
imaginary-time Fourier transform of the system and en-
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vironmental modes, denoted by q˜ and x˜k respectively,
xˆk(τ) =
1
~β
+∞∑
n=−∞
x˜k(νn)e
iνnτ , (A1)
qˆ(τ) =
1
~β
+∞∑
n=−∞
q˜(νn)e
iνnτ ,
with the Matsubara frequencies νn = 2pin/~β, and sec-
ondly, rewriting the spatial operator x˜k(νn) of the envi-
ronmental k-mode in terms of the quantum fluctuations
y˜k(νn), i.e.,
x˜k(νn) = x¯k(νn) + y˜k(νn), (A2)
with x¯k(νn) corresponding to the stationary path of the
Euclidean action of the environmental k-mode (15), and
which obeys the Euclidean classical equations of motion
0 = −mkν2nx¯k(νn)− νnκαβlβ(k)q˜α(νn) (A3)
− ω2k (mkx¯k(νn)− lα(k)q˜α(νn)) .
By solving the Eq.(A3) in terms of the spatial system
operator q˜α(νn), we obtain
x˜k(νn) =
ω2klα(k)− νnκαβlβ(k)
mk(ν2n + ω
2
k)
q˜α(νn) + y˜k(νn),
=
Cα(k)
mk(ν2n + ω
2
k)
q˜α(νn) + y˜k(νn),
as well as the hermitian conjugate transpose (denoted by
†),
x˜†k(νn) =
C†α(k)
mk(ν2n + ω
2
k)
q˜†α(νn) + y˜
†
k(νn).
Plugging this result into the Euclidean action (14),
and appealing to the fact that the linear term in y˜k(νn)
must vanish since x˜k(νn) is a stationary point [31, 70],
after some straightforward manipulation the system-
environment action in the Fourier representation may be
decomposed as follows
S(E)MCS,I [q˜, x¯+ y˜] = S(E)MCS [y˜] + S(E)I [q˜], (A4)
where the first term in the right-hand side identifies with
the environmental partition function
ZMCS(β) =
∮
Dy(·) exp
{
−S(E)MCS [y(·)]/~
}
, (A5)
whilst the second term takes the following form,
S(E)I [q˜] =
~β
2
∞∑
n=−∞
∑
k
q˜†α(νn)q˜β(νn)
mk(ν2n + ω
2
k)
2
((− iνnC†α(k)− i(ν2n + ω2k)καλlλ(k))(iνnCβ(k) + i(ν2n + ω2k)κβλ′ lλ′(k))
+ ω2k
(
C†α(k)− (ν2n + ω2k)l†α(k)
) (
Cβ(k)− (ν2n + ω2k)lβ(k)
))
=
~β
2
∞∑
n=−∞
∑
k
q˜†α(νn)q˜β(νn)
mk(ν2n + ω
2
k)
2
(
(ν2n + ω
2
k)C
†
α(k)Cβ(k) + (ν
2
n + ω
2
k)
2
(
κ2αλlλ(k)βλ′ lλ′(k) + ω
2
kl
†
α(k)lβ(k)
)
− (ν2n + ω2k)
[
C†α(k)
(
ω2klβ(k)− κνnβλ′ lλ′(k)
)
+ Cβ(k)
(
ω2kl
†
α(k)− κνnαλlλ(k)
) ])
=
~β
2
∞∑
n=−∞
∑
k
q˜†α(νn)q˜β(νn)
mk(ν2n + ω
2
k)
(
− C†α(k)Cβ(k) + (ν2n + ω2k)
(
κ2αλlλ(k)βλ′ lλ′(k) + ω
2
kl
†
α(k)lβ(k)
))
=
m~β
2
∞∑
n=−∞
Σ˜αβ(νn)q˜
†
α(νn)q˜β(νn), (A6)
where we have recognized the imaginary-time Fourier transform of the retarded self-energy Σ˜(s) in the last line. We
can go further by elaborating on the latter expression and substituting the system-environment coupling coefficients
20
(5), that is
Σ˜αβ(νn) =
1
m
∑
k
ω2k
mk(ν2n + ω
2
k)
(
ν2nl
†
α(k)lβ(k) + κ
2αλlλ(k)βλ′ lλ′(k)
)
+ νnκ
(
αλlλ(k)lβ(k) + βλ′ lλ′(k)l
†
α(k)
))
=
δαβ
m
∑
k
ν2n
mk(ν2n + ω
2
k)
~mke2f2(|k|)
(2piL)2
− 1
m
∑
k
ν2n
mk(ν2n + ω
2
k)
(
(ν2n − κ2)
~mke2f2(|k|)kαkβ
(2piL)2|k|2 +
~mkκνne2f2(|k|)
(2piL)2|k|2
(
βλkλkα − αλ′kλ′kβ
))
= δαβ
~e2
m(2piL)2
∑
k
f2(|k|)
ν2n + ω
2
k
(
ν2n + (κ
2 − ν2n)
k2α
|k|2
)
+ αβ
~e2κ
m(2piL)2
∑
k
νn
ν2n + ω
2
k
f2(|k|), (A7)
where, in the last equality, we have made use of the fact that the crossing terms f2(|k|)kαkβ (for α 6= β) within the
discrete sum are odd in the integration variable, and thus, they must vanish (this can be seen more clearly by doing a
change of variables to polar coordinates). Furthermore, paying attention to the symmetrical properties of the discrete
sum, one may realize that
∑
k
ν2nf
2(|k|)
ν2n + ω
2
k
(
ν2n + (κ
2 − ν2n)
k2α
|k|2
)
=
1
2
∑
k
ν2n + κ
2
ν2n + ω
2
k
f2(|k|) for α = 1, 2.
Now by looking at the first and second terms of the right-hand side of (A7), one may recognize the dissipative kernels,
i.e.
∆˜(νn) =
~e2
2m(2piL)2
∑
k
ν2n
ν2n + ω
2
k
f2(|k|), (A8)
Λ˜||(νn) =
~e2κ2
2m(2piL)2
∑
k
1
(ν2n + ω
2
k)
f2(|k|), (A9)
Λ˜⊥(νn) =
~e2κ
m(2piL)2
∑
k
νn
ν2n + ω
2
k
f2(|k|). (A10)
Introducing the definition of the spectral density J(ω) (given by (21)) in the Eqs. (A8), (A9), and (A10), we are led
immediately to the expressions (18), (19) and (20), respectively.
Having determined the imaginary-time Fourier transform of the retarded self energy, the reduced partition function
(12) of the flux-carrying particle is directly obtained from gathering together the Euclidean action of the system
S
(E)
S [q˜] (see Eq.(14)) and S
(E)
I [q˜] given by (A6), i.e.
S
(E)
eff [q˜] = S
(E)
S [q˜] + S
(E)
I [q˜] =
mβ
2
∞∑
n=−∞
(
δαβ
(
ν2n + ω
2
0
)
q˜†α(νn)q˜β(νn) + Σ˜αβ(νn)q˜
†
α(νn)q˜β(νn)
)
, (A11)
21
which yields,
Zflux(β) =
∮
Dq(·) exp
{
− S(E)eff [q(·)]/~
}
=
m
2pi~2β
∫ ∞
−∞
dq˜(0) exp
(
− mβ(δαβω
2
0 + Σ˜αβ(0))
2
q˜†α(0)q˜β(0)
)
×
∞∏
n=1
[∫ ∞
−∞
∫ ∞
−∞
dq˜(νn)dq˜(ν−n)
(2pi/(mβνn))2
exp
(
− mβ
2
(
δαβ(ν
2
n + ω
2
0) + Σ˜αβ(νn)
)
q˜†α(νn)q˜β(νn)
)]
(A12)
=
1
~2β2
√
det(ω20I + Σ˜(0))
∞∏
n=1
ν4n√
det
((
(ν2n + ω
2
0)I2 + Σ˜(νn)
)(
(ν2n + ω
2
0)I2 + Σ˜
†(νn)
))
=
1
~2β2
√
det(ω20I + Σ˜(0))
∞∏
n=1
[
ν4n(
ν2n + ω
2
0 + ∆˜(νn)
)2
] ∞∏
n=1
[ (
ν2n + ω
2
0 + ∆˜(νn)
)2
(
(ν2n + ω
2
0 + ∆˜(νn) + Λ˜||(νn))2 − |Λ˜⊥(νn)|2
)]
= Z20 (β)
(
1 +
Λ˜‖(0)
ω20
)−1 ∞∏
n=1
[ (
ν2n + ω
2
0 + ∆˜(νn)
)2
(ν2n + ω
2
0 + ∆˜(νn) + Λ˜||(νn))2 − |Λ˜⊥(νn)|2
]
,
with I2 denoting the 2× 2 identity matrix, and where we have introduced the well-known Fourier functional measure
from the quantum statistical path-integral framework [31]. As mentioned in Sec.III, the Eq.(A12) clearly consists of
a Gaussian path integral [31] characterized by the (infinite-dimensional) covariance matrix
⊕∞
n=1 G˜
−1
R (νn), with
G˜−1R (s) = (s
2 + ω20)I2 + Σ˜(s), (A13)
where G˜R(s) essentially being the Laplace transform of the retarded Green’s function associated to the quantum
open-system dynamics.
Accordingly, the imaginary-time path integral in (A12) could diverge if the matrix (A13) eventually vanishes.
Conversely, the Zflux(β) provided by (A12) will represent a partition function physically consistent with a dissipative
scenario (where the interested system evolves towards a thermal equilibrium state), when (A13) is strictly positive-
definite [82]. It is now readily to see that the latter is equivalent to demand that the subsidiary condition (23) always
holds, in agreement with the discussion in Ref.[19].
Appendix B: Reduced partition function for the strict Ohmic and Lorentzian-type spectral densities
In this section, we show the derivation of the reduced partition function (28) and (56) presented in Secs. III A and
III B respectively, once we have fixed the spectral density. Let us consider first the strict Ohmic example. Replacing
the damping kernels (24) in the expression (A12) obtained in the previous section, we find
Zflux(β) = Z
2
0 (β)
(
1 +
φ
ω20
)−1 ∞∏
n=1
ν2n(ν
2
n + ω
2
0 + 2γ0νn)
2
(ν3n +Ω
2
0νn + 2γ0ν
2
n + 2γ0κ
2)2 − (γ0κ)2ν2n
= Z20 (β)
(
1 +
φ
ω20
)−1 ∞∏
n=1
∏
i=1,2
(
1 + riνn
)2
∏3
i=1
(
1 + Riνn
)(
1 +
R′i
νn
)
= Z20 (β)
(
1 +
φ
ω20
)−1 ∞∏
n=1
∏3
i=1(1+ 1n )
Riν
−1
(1+ 1n )
R′iν−1∏3
i=1
(
1+
Riν
−1
n
)(
1+
R′
i
ν−1
n
)
∏
i=1,2(1+ 1n )
2riν
−1
∏
i=1,2
(
1+
riν
−1
n
)2
= Z20 (β)
(
1 +
φ
ω20
)−1 ∏3
i=1 Γ
(
1 + ν−1Ri
)
Γ
(
1 + ν−1R′i
)∏
i=1,2 Γ (1 + ν
−1ri)
2 , (B1)
where ν−1 = ~β/2pi, and we have made use of the Vieta’s relations for the roots ri, Ri, and R′i as well (i.e.
∑3
i=1(Ri+
R′i) = −2
∑
i=1,2 ri = −4γ0). It is immediate to see that the reduced partition function (28) is obtained from (B1)
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after minor manipulation. We can follow an identical procedure to obtain the reduced partition function (56) for the
choice of the Lorentzian-type spectral density (51). That is,
Zflux(β) = Z
2
0 (β)
(
1 +
φ
ω20
)−1
×
∞∏
n=1
ν2n
(
(ν2n + ω
2
0)(ν
2
n + χνn +Ω
2) + 2γ0Ω
2
χ νn(νn + χ)
)2
(
νn(ν2n + ω
2
0)(ν
2
n + χνn +Ω
2) + 2γ0Ω
2
χ ν
2
n(νn + χ) +
2κ2γ0Ω2
χ (νn + χ)
)2
− κ2γ20Ω4χ2 ν2n(νn + χ)2
= Z20 (β)
(
1 +
φ
ω20
)−1 ∞∏
n=1
∏2
i=1
(
1 + riνn
)2 (
1 +
r′i
νn
)2
∏5
i=1
(
1 + Riνn
)(
1 +
R′i
νn
)
= Z20 (β)
(
1 +
φ
ω20
)−1 ∏5
i=1 Γ
(
1 + ν−1Ri
)
Γ
(
1 + ν−1R′i
)
∏2
i=1
[
Γ (1 + ν−1ri)Γ (1 + ν−1r′i)
]2 ,
where once again we have employed the Vieta’s relations for the roots (i.e.
∑5
i=1(Ri +R
′
i) = 2
∑2
i=1(ri + r
′
i) = −2χ).
Appendix C: Fluctuation-dissipation relation
Here we illustrate the computation of the fluctuation-dissipation relation (62) appearing in Sec.IV. We start from
the previously computed Euclidean action (A11) with the additional source term in the imaginary-time Fourier
representation, i.e.
S
(E)
eff [q˜, F˜ ] =
mβ
2
∞∑
n=−∞
(
δαβ(ν
2
n + ω
2
0)q˜
†
α(νn)q˜β(νn) + Σ˜αβ(νn)q˜
†
α(νn)q˜β(νn) + F˜α(νn)q˜
†
α(νn) + F˜
†
α(νn)q˜α(νn)
))
=
mβ
2
∞∑
n=−∞
(
G˜−1R
)
αβ
(νn)q˜
†
α(νn)q˜β(νn) + F˜α(νn)q˜
†
α(νn) + F˜
†
α(νn)q˜α(νn)
))
, (C1)
where F˜ (νn) are the Fourier coefficients of the external force as similarly defined in the Eq.(A1). It is readily to
see that the solution of the classical equation of motion deduced from the variation of the action (C1) is given by
q˜α(νn) =
(
G˜−1R
)
αβ
(νn)F˜β(νn), and similarly q˜
†
α(νn) =
(
G˜−1R
)†
αβ
(νn)F˜
†
β (νn). Plugging the latter result into (C1) and
after some straightforward manipulation, we arrive to the classical Euclidean action
S
(E)
cl [F ] = −
1
2m~β
∞∑
n=−∞
(
G˜−1R
)
αβ
(νn)
∫ ~β
0
dτ
∫ ~β
0
dσ Fα(τ)Fβ(σ)e
iνn(τ−σ). (C2)
Following a similar procedure as to compute the decoupled effective action Eq.(A4) in appendixA, we may decom-
pose the expression (C1) into the classical Euclidean action (C2) and the unperturbed Euclidean action (A11) , i.e.
S
(E)
eff [q,F ] = S
(E)
cl [F ] +S
(E)
eff [q] [2, 31]. This immediately retrieves that the generating functional expresses as the un-
perturbed partition function weighted by the classical Euclidean action, i.e. Zflux(β, J) = Zflux(β)exp
(
−S(E)cl [F ]/~
)
.
Having determined the latter, now we can use the identity (61) to obtain the imaginary-time correlation function in
position, which yields
〈qˆα(τ1)qˆδ(τ2)〉β =
1
mβ
∞∑
n=−∞
(
G˜R
)
αδ
(νn)e
iνnτ .
Following the Ref.[69], from the above equation we may obtain the thermal correlation function in real time via
analytic continuation by rephrasing the infinite sum as a contour integral in the complex frequency domain. This is
formally achieved by combining the Fourier representation of the retarded Green’s function and its conjugate transpose
with the function (1− e−~ωβ)−1 that has poles at frequencies ω = iνn with n ∈ Z. As the poles of G˜R(ω) and G˜†R(ω)
are respectively in the lower and upper -half complex plane in agreement with Kramers-Kronig relations (notice that
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det(G˜†R(ω)) = (det(G˜
†
R(ω)))
H), we may conveniently devise two semicircular contour integrals C+ and C− for which
solely contribute the poles iνn, i.e.,
∞∑
n=−∞
(
G˜R
)
αβ
(νn)e
iνnτ =
−i
2pi
∫
C+
dω ~β e−ωτ
1− e−~ωβ
(
G˜R
)
αβ
(ω) +
i
2pi
∫
C−
dω ~β e−ωτ
1− e−~ωβ
(
G˜R
)†
αβ
(ω).
Since the contribution of the semicircular arc eventually cancels owning to G˜R(ω) is expected to decay in frequency,
after taking the Wick rotation the thermal correlation function can be finally express in the following form
〈qˆα(t)qˆδ(0)〉β =
~
mpi
∫ ∞
−∞
dω e−iωt
1− e−~ωβ Im
(
GˇR
)
αδ
(ω),
where GˇR(ω) denotes the real-time Fourier transform of the retarded Green’s function, and ImA represents the
imaginary part of the complex matrix A [82]. Hence, the symmetrical position correlation function reads
∆αδ(t) =
~
2pim
∫ ∞
−∞
dω e−iωt
1− e−~ωβ Im
(
GˇR
)
αδ
(ω) +
~
2pim
∫ ∞
−∞
dω eiωt
1− e−~ωβ Im
(
GˇR
)
δα
(ω)
=
~
4mpi
∫ ∞
−∞
dωe−iωt
(
Im
(
GˇR
)
αδ
(ω) + Im
(
GˇR
)
δα
(−ω)
)
+
~
4pim
∫ ∞
−∞
dωe−iωt coth
(
ω~β
2
)(
Im
(
GˇR
)
αδ
(ω)− Im
(
GˇR
)
δα
(−ω)
)
, (C3)
In deriving the above result, we have made use of the identity (1 − e−~ωβ)−1 = 1/2 + 1/2 coth(~ωβ). Now we note
that the first integral in the last line of Eq.(C3) cancels owning to Im
(
GˇR
)
βα
(−ω) = −Im
(
GˇR
)
αβ
(ω), which is a
direct consequence of the Green’s function property
(
GˇR
)
αβ
(−ω) =
(
GˇR
)H
αβ
(ω) [19], with
(
GˇR
)H
αβ
(ω) being the
Hermitian conjugate. Thus, one may see that the fluctuation-dissipation relation (62) directly follows from Eq.(C3),
as we wanted to show.
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